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Motivation

Example
Linear partial differential operators (LPDOs) of order 2:

L=DuaDe2+aDyu+bD,+c
under gauge transformations:
L g 'Ly,  g=g(z'a?).

Questions:
e Equivalence: L, L' ~ ¢ lLg=1L'?
@ Invariants?
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Example
Linear partial differential operators (LPDOs) of order 2:

L=DuaDe2+aDyu+bD,+c
under gauge transformations:
L g 'Ly,  g=g(z'a?).

Questions:
e Equivalence: L, L' ~ ¢ lLg=1L'?
@ Invariants? Laplace:

h=c—az — ab, k=c—b, —ab.

@ Generating set of invariants?
@ Larger examples?
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Natural bundles
Let X be a manifold, coordinates (x) = (x1,...,2").
@ Diffo(X, X): local diffeomorphisms ¢ : X — X.
@ A natural bundle is a fibre bundle

T F— X :(z,u) — ()

such that each ¢ € Diffi(X, X) continues to ¢ : F — F.

@ Asectionw: X — F: (z) — (z,u = w(x)) is called
geometric object.
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Natural bundles
Let X be a manifold, coordinates (x) = (x1,...,2").
@ Diffo(X, X): local diffeomorphisms ¢ : X — X.
@ A natural bundle is a fibre bundle

T F— X :(z,u) — ()

such that each ¢ € Diffi(X, X) continues to ¢ : F — F.

@ Asectionw: X — F: (z) — (z,u = w(x)) is called
geometric object.

@ ¢ is an equivalence betweenw, v: X — F &

wop =7y
@ pis asymmetry of w &
wod=w,  Pyp)(p;0zp,....pq) = w(x).
@ ¢: F—Risaninvariantifo =1 Ve € Diffio (X, X).



Symmetry Groupoids
@ The jet groupoid M, = M,(X, X') has coordinates:

(:B7y7y$’ tet 7yq)
@ Like Diffjoc(X, X), M, acts on F.
@ Symmetry groupoid R,(w) of w : X — F defined by:
‘Dw(y)(% ﬁl/q) - w(‘L)

o,
OHRq(W)an?}—



Symmetry Groupoids
@ The jet groupoid M, = M,(X, X') has coordinates:

(:B7y7y$’ A 7yq)
@ Like Diffjoc(X, X), M, acts on F.
@ Symmetry groupoid R,(w) of w : X — F defined by:
q)w(y)(yv yq) = W(JJ)
o,
OHRq(W)an?}—

@ Prolongation

jl((bw)
Jiw



Symmetry Groupoids
@ The jet groupoid M, = M,(X, X') has coordinates:

(x7y7y$’ tet 7yq)
@ Like Diffjoc(X, X), M, acts on F.
@ Symmetry groupoid R,(w) of w : X — F defined by:
q)w(y)(yv yq) = W(JJ)

o,
OHRq(W)an?}—

@ Prolongation + projection:

J1(%w)
0 ——Rgt1(w) —— M1 ——= J1(F)

J1(w)
l]
Fi



Symmetry Groupoids
@ The jet groupoid M, = M,(X, X') has coordinates:

(‘/I:7y7y$’ R 7yq)‘

@ Like Diffjoc(X, X), M, acts on F.
@ Symmetry groupoid R,(w) of w : X — F defined by:

q)w(y)(yv yq) = W(JJ)

o,
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@ Prolongation + projection:
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0 ——Rgt1(w) —— M1 ——= J1(F)
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Symmetry Groupoids
@ The jet groupoid M, = M,(X, X') has coordinates:

(‘/I:7y7y$’ R 7yq)‘

@ Like Diffjoc(X, X), M, acts on F.
@ Symmetry groupoid R,(w) of w : X — F defined by:

q)w(y)(yv yq) = W(JJ)

o,
OHRq(W)an?}—

@ Prolongation + projection:

jl((bw)
00— Rgr1(w) ——TNgp1 /= J1(F)

i l ji(w) lf

'R,,(Jl)(w) I_Iq fl

0

Question: Is R (w) = Ry(w)?



Integrability Conditions

Theorem

Wg“ ' Ret+1(w) — Rqy(w) is surjective if and only if there is a

sectionc: F — Fi:
@ c is equivariant:

clafy) = cla) fq VfgeNy, aeF
@ c fulfills the Vessiot structure equations:

(I oj1)(w) = e(w)-




Integrability Conditions

Theorem

Wg“ ' Ret+1(w) — Rqy(w) is surjective if and only if there is a

sectionc: F — Fi:
@ c is equivariant:

clafy) = cla) fq VfgeNy, aeF
@ c fulfills the Vessiot structure equations:

(I oj1)(w) = e(w)-

If in addition the symbol of R,(w) is 2-acyclic, R,(w) is
integrable, i. e.:

T Reprps(w) = Rggr(w)  Vr,s €N

are all surjective.




Equivalence

Theorem
Two geometric objects w and v on F are equivalent if:
@ All invariants ) on F coincide for some x,y € X:

@ Ry(w), Ry(~) are integrable with ¢ : F — Fi:

(Toji)(w) = cw),
(Toj)(n) = ()

Example
In the introductory example (w, Q) is equivalent to (@, Q) if:

dw=c1Q, do= 19
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Groupoids ©, of Gauge Transformations

@ A simple observation for LPDOs:

(97'Lg) u(z) = gL (gu(x))

~» Find a groupoid containing only transformations:

(z,u) = (z,9(z)u).
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= v(z,u) = g(x)u.



Groupoids ©, of Gauge Transformations

@ A simple observation for LPDOs:

(97'Lg) u(z) = gL (gu(x))

~» Find a groupoid containing only transformations:

(z,u) = (z,9(z)u).

@ OnY = X x R, coordinates (z, u), (y,v) define
0, <MN,Y,Y):
Y=T, UV, = 0.
= v(z,u) = g(x)u.
@ All previous slides remain true if I, is restricted to ©,:

()
OHRq(W)H@q$f

@ Natural ©,-bundles: ©,-action on F.



Laplace Example — Natural Bundle
@ Construct a natural ©,-bundle for:
L=DuD,+aDy +bD,» +c.
@ Gauge transformation:
g7'Lg = DaD,+ (™" ; L +a)D + (2 J -+ b)D,

p ety g 9at Oty
g g
@ Reminder: ©,: y=z, uv,=v.
= v(z,u) = g(x)u.
@ Natural ©,-bundle 7 =Y x R3, coordinates (z, u, a, b, c):

LI
a = (U +a)’
Uyl ~
b= (),
(%2 +5)
c = Uzla? Ai+8%+@



Laplace Example — Prolongation
L= Dxle2 —+ aDml + bez +c

@ O, -actionon F =Y x R3:

Vp2 Vply2

0= (), b=(Fh), o= ath b el



Laplace Example — Prolongation
L= Dxle2 —+ G_Dml + bez +c

@ O, -actionon F =Y x R3:
v v v 0 .
@ Coordinates of Ji(F):

Gg1, g2, Gy, by, by, by, cp1, Cp2, cy.



Laplace Example — Prolongation
L= Dxle2 —+ G_Dml + bez +c

@ O, -actionon F =Y x R%:

a=("24a), b=(E4D), e=r il 4,
v v v v v

@ Coordinates of J1(F):
Agl, Qg2, Oy, b:cl? bac2> bu, Cxly  Cg2, Cuy.

@ Coordinates of J; x(F):

ap1, g2, by, by, cu1, 2.



Laplace Example — Prolongation
L= leDla —+ GDII + bez +c

@ O, -actionon F =Y x R%:

a=("24a), b=(E4D), e=r il 4,
v v v v v

@ Coordinates of J1(F):
Agl, Qg2, Oy, ba:l’ ba:27 bu, Cxly  Cg2, Cuy.

@ Coordinates of J; x(F):

ap1, g2, by, by, cu1, 2.

Theorem
If the ©,-action on F depends on v, /v only then
@ Sections w(x) of F are well-defined.
@ ji(w)(z) restricts to the ©,-subbundle J; x(F) C J1(F).



Invariants on ©,-bundles

@ O, is defined by:
Y=2T, UV, =1.

@ Invariant ¢ : J, x(F) — R.
@ Derivatives D1 are invariants on J,41 x(F).



Invariants on ©,-bundles

@ O, is defined by:

@ Invariant ¢ : J, x(F) — R.
@ Derivatives D1 are invariants on J,41 x(F).
o If all coordinates of F; are invariants,

F1 2 F xRF

= the invariants on #; are a generating set.
@ Next bundle of integrability conditions F>:

Fp & Fy x R™



Laplace Example — Vessiot Structure Equations

L=DuDp2+aDy+bD,2+c

@ O, -actionon F =Y x R3:

Vgply?

a:(%ﬂ%), b:(v—zl+l§), c= +&%+3%+6



Laplace Example — Vessiot Structure Equations
L=DuaDp2+aDy+bD,2+c

@ O -actionon F =Y x R3:

L Uglg2 o Ugl o Up2

a=(Z+a), b=(=+b), c=

A

+a—+b—+¢
v v
@ Coordinates of Fi:

Gpl, Qz2, by, by



Laplace Example — Vessiot Structure Equations
L=DuaDp2+aDy+bD,2+c

@ O, -actionon F =Y x R3:

A

+a-—+b—=+e
(% v

L Uglg2 o Ugl o Up2

V.2 V1 ~
(= 1a), b= (=4b =
a (v—i-a), (v—l-),c
@ Better coordinates of F;:

h=c—a, —ab, az, by, k=c—0b,e—ab.



Laplace Example — Vessiot Structure Equations
L=DuaDp2+aDy+bD,2+c

@ O, -actionon F =Y x R3:

A

+a-—+b—=+e
(% v

L Uglg2 o Ugl o Up2

V.2 V1 ~
— (22 14a), b=(=24b -
a=(Z+a), b=(=+D), o
@ Better coordinates of F;:
h=c—a, —ab, az, by, k=c—0b,e—ab.

@ No equivariant sections F — F7.



Laplace Example — Vessiot Structure Equations
L=DuaDp2+aDy+bD,2+c

@ O, -actionon F =Y x R3:

A

+a-—+b—=+e
(% v

L Uplg2 L Ugl A Up2

V.2 V1 ~
— (22 14a), b=(=24b -
a=(Z+a), b=(=+D), o
@ Better coordinates of F;:
h=c—a, —ab, az, by, k=c—0b,e—ab.

@ No equivariant sections F — F7.
@ Vessiot structure equations on F, = F; x R*:

hot = c1(h, k), hye = ca(h, k), kp = ca(h k), kye = ca(h, k).

= {h, k} is a generating set of invariants.



Example from Shemyakova & Winkler [SWO07]

Example
Third order LPDOs under gauge transformations:

(Dx +qDy)Dzy +a20Dys +allDa:y +a02Dyy +a10Dz +a01Dy +apo




Example from Shemyakova & Winkler [SWO07]

Example

Third order LPDOs under gauge transformations:

(Dac +qDy)Dmy +a20Dys +a11D:vy +a02Dyy +a10Dz +a01Dy +apo

Equivalence conditions: ~~ second order invariants.

Invariants

q, I1 = 2a20¢* — a11q + 2ap2

q:EJ Qy, I%a IZ}

4 new invariants

14 =6 + 8 old, 1 new

Order | ©
0 2
1
2 15
3 21

21 old

Generating set from [SWO07] is very compact!




The end.

Thanks!
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