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It admits an infinite series of conserved densities.

How to explain and detect the “integrability” of evolutionary
systems?
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How to explain and detect the “integrability” of evolutionary
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The BOUSSINESQ equation mod-
els shallow water waves, which are
solitary waves.

It admits an infinite series of conserved densities.

How to explain and detect the “integrability” of evolutionary
systems?

Find a formal framework which allows interpreting such an
evolutionary equation Ut = F (U,Ux, . . .) as an ODE.

Show that this “ODE” is HAMILTONian.

And, as such, even integrable!
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A POISSON bracket is a skew sym. map {·, ·} : A×A → A,
s.t. ∀H ∈ A the map {H, ·} : A → A is an R-derivation of

(A, {·, ·}) (JACOBI identity) and of
(A, ·) (vector field)

Vector fields of the form ξH := {H, ·} are called
HAMILTONian, with HAMILTONian function H.

Giving a bracket is equivalent to giving a bivector (field) on
M , i.e., a section Θ ∈ Γ(

∧2
TM):

{G,H} := Θ(dG,dH) = 〈dG∧dH,Θ〉.
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s.t. ∀H ∈ A the map {H, ·} : A → A is an R-derivation of

(A, {·, ·}) (JACOBI identity) and of
(A, ·) (vector field)

Vector fields of the form ξH := {H, ·} are called
HAMILTONian, with HAMILTONian function H.

Giving a bracket is equivalent to giving a bivector (field) on
M , i.e., a section Θ ∈ Γ(
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TM):

{G,H} := Θ(dG,dH) = 〈dG∧dH,Θ〉.

{·, ·} satisfies the JACOBI identity ⇐⇒ [Θ,Θ] = 0.

[Θ,Θ] = 0 ⇐⇒ ∀H ∈ A: LξHΘ = 0 (Θ inv. under all ξH ).
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R(M) := {b ∈
⊕m

i=1 TM | bx is a basis of TxM} → M

is called the frame bundle of M .
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The principal GLm(R)-bundle

R(M) := {b ∈
⊕m

i=1 TM | bx is a basis of TxM} → M

is called the frame bundle of M . Each GLm(R)-module F gives
rise to a tensor bundle with abstract fiber F via the associated
bundle construction:

V (F ) := R(M)×GLm(R) F

E.g.: V (Rn) = TM , V ((Rn)∗) = T ∗M , V (
∧2

R
n) =

∧2
TM etc.

The LIE algebra of vector fields D := Γ(TM) acts on the
spaces of sections F ∈ {Γ(TM),Γ(T ∗M),Γ(

∧2
TM), . . .} via

the LIE derivative: L : D → End(F).
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Recall, the goal is to find a setup in which evolutionary
equations can be interpreted as ODEs.
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Recall, the goal is to find a setup in which evolutionary
equations can be interpreted as ODEs. So generalize

manifold M with jet bundle J(Xn,M ) with
coordinates (u) jet coordinates (x, u, ux, uxx, . . .)
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Recall, the goal is to find a setup in which evolutionary
equations can be interpreted as ODEs. So generalize

manifold M with jet bundle J(Xn,M ) with
coordinates (u) jet coordinates (x, u, ux, uxx, . . .)

function H ∈ A functional
∫

Hdx ∈ F
0

Mohamed Barakat Geometric Objects and Integrable Systems

http://www.mathematik.uni-kl.de/~barakat/
http://wwwb.math.rwth-aachen.de/~barakat/thesis/


Solitons
Geometric Objects

Natural bundles
Fibered Calculus

Fibered and functional calculus

Recall, the goal is to find a setup in which evolutionary
equations can be interpreted as ODEs. So generalize

manifold M with jet bundle J(Xn,M ) with
coordinates (u) jet coordinates (x, u, ux, uxx, . . .)

function H ∈ A functional
∫

Hdx ∈ F
0

multiplication G·H ∈ A does not generalize

Mohamed Barakat Geometric Objects and Integrable Systems

http://www.mathematik.uni-kl.de/~barakat/
http://wwwb.math.rwth-aachen.de/~barakat/thesis/


Solitons
Geometric Objects

Natural bundles
Fibered Calculus

Fibered and functional calculus

Recall, the goal is to find a setup in which evolutionary
equations can be interpreted as ODEs. So generalize

manifold M with jet bundle J(Xn,M ) with
coordinates (u) jet coordinates (x, u, ux, uxx, . . .)

function H ∈ A functional
∫

Hdx ∈ F
0

multiplication G·H ∈ A does not generalize

partial derivative variational derivative (EULER)
∂
∂u

δ
δu

= ∂
∂u

−Dx
∂

∂ux
+ · · ·
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Fibered and functional calculus

Recall, the goal is to find a setup in which evolutionary
equations can be interpreted as ODEs. So generalize

manifold M with jet bundle J(Xn,M ) with
coordinates (u) jet coordinates (x, u, ux, uxx, . . .)

function H ∈ A functional
∫

Hdx ∈ F
0

multiplication G·H ∈ A does not generalize

partial derivative variational derivative (EULER)
∂
∂u

δ
δu

= ∂
∂u

−Dx
∂

∂ux
+ · · ·

tensor bundles do not generalize
TM,T ∗M,

∧2
TM, . . .
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tensor spaces functional tensor spaces
Γ(TM),Γ(T ∗M),Γ(

∧2 TM), . . . V
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V
1, . . .

wedge ω∧ν ∈
∧k+l

T (∗)M does not generalize
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wedge ω∧ν ∈
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LIE derivative (funct.) LIE derivative
Lξ for ξ ∈ Γ(TM) Lξ for ξ ∈ V
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but the spaces (or sheaves) of sections do generalize:

tensor spaces functional tensor spaces
Γ(TM),Γ(T ∗M),Γ(

∧2 TM), . . . V
1,F1,

∧2
V
1, . . .

wedge ω∧ν ∈
∧k+l

T (∗)M does not generalize

LIE derivative (funct.) LIE derivative
Lξ for ξ ∈ Γ(TM) Lξ for ξ ∈ V

1

super LIE bracket (funct.) super LIE bracket
[Θ,Ξ] for [Θ,Ξ] for

Θ ∈ Γ(
∧k

TM),Ξ ∈ Γ(
∧l

TM) Θ ∈
∧k

V
1,Ξ ∈

∧l
V
1
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Fibered and functional calculus

Several equivalent version of this functional calculus were
developed by EULER, LAGRANGE, EMMY NOETHER,
GELFAND, DORFMAN, ANDERSON, OLVER, ...
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Fibered and functional calculus

Several equivalent version of this functional calculus were
developed by EULER, LAGRANGE, EMMY NOETHER,
GELFAND, DORFMAN, ANDERSON, OLVER, ...
These versions are not computer friendly for two reasons.

1

Mohamed Barakat Geometric Objects and Integrable Systems

http://www.mathematik.uni-kl.de/~barakat/
http://wwwb.math.rwth-aachen.de/~barakat/thesis/


Solitons
Geometric Objects

Natural bundles
Fibered Calculus

Fibered and functional calculus

Several equivalent version of this functional calculus were
developed by EULER, LAGRANGE, EMMY NOETHER,
GELFAND, DORFMAN, ANDERSON, OLVER, ...
These versions are not computer friendly for two reasons.
Either

1 they use partial derivatives
instead of total derivatives

1

Mohamed Barakat Geometric Objects and Integrable Systems

http://www.mathematik.uni-kl.de/~barakat/
http://wwwb.math.rwth-aachen.de/~barakat/thesis/


Solitons
Geometric Objects

Natural bundles
Fibered Calculus

Fibered and functional calculus

Several equivalent version of this functional calculus were
developed by EULER, LAGRANGE, EMMY NOETHER,
GELFAND, DORFMAN, ANDERSON, OLVER, ...
These versions are not computer friendly for two reasons.
Either

1 they use partial derivatives (infinite formulas)
instead of total derivatives

1

Mohamed Barakat Geometric Objects and Integrable Systems

http://www.mathematik.uni-kl.de/~barakat/
http://wwwb.math.rwth-aachen.de/~barakat/thesis/


Solitons
Geometric Objects

Natural bundles
Fibered Calculus

Fibered and functional calculus

Several equivalent version of this functional calculus were
developed by EULER, LAGRANGE, EMMY NOETHER,
GELFAND, DORFMAN, ANDERSON, OLVER, ...
These versions are not computer friendly for two reasons.
Either

1 they use partial derivatives (infinite formulas)
instead of total derivatives (finite formulas)

1

Mohamed Barakat Geometric Objects and Integrable Systems

http://www.mathematik.uni-kl.de/~barakat/
http://wwwb.math.rwth-aachen.de/~barakat/thesis/


Solitons
Geometric Objects

Natural bundles
Fibered Calculus

Fibered and functional calculus

Several equivalent version of this functional calculus were
developed by EULER, LAGRANGE, EMMY NOETHER,
GELFAND, DORFMAN, ANDERSON, OLVER, ...
These versions are not computer friendly for two reasons.
Either

1 they use partial derivatives (infinite formulas)
instead of total derivatives (finite formulas)

2 the functional tensors are only unique up to divergences

1

Mohamed Barakat Geometric Objects and Integrable Systems

http://www.mathematik.uni-kl.de/~barakat/
http://wwwb.math.rwth-aachen.de/~barakat/thesis/


Solitons
Geometric Objects

Natural bundles
Fibered Calculus

Fibered and functional calculus

Several equivalent version of this functional calculus were
developed by EULER, LAGRANGE, EMMY NOETHER,
GELFAND, DORFMAN, ANDERSON, OLVER, ...
These versions are not computer friendly for two reasons.
Either

1 they use partial derivatives (infinite formulas)
instead of total derivatives (finite formulas)

2 the functional tensors are only unique up to divergences
(normal forms are needed to extract conditions by equating
them to zero)

1

Mohamed Barakat Geometric Objects and Integrable Systems

http://www.mathematik.uni-kl.de/~barakat/
http://wwwb.math.rwth-aachen.de/~barakat/thesis/


Solitons
Geometric Objects

Natural bundles
Fibered Calculus

Fibered and functional calculus

Several equivalent version of this functional calculus were
developed by EULER, LAGRANGE, EMMY NOETHER,
GELFAND, DORFMAN, ANDERSON, OLVER, ...
These versions are not computer friendly for two reasons.
Either

1 they use partial derivatives (infinite formulas)
instead of total derivatives (finite formulas)

2 the functional tensors are only unique up to divergences
(normal forms are needed to extract conditions by equating
them to zero)

In my thesis I suggested a computer friendly version of this
calculus by solving these two issues1.

1Starting from 3-tensors a normal form was missing.
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Fibered and functional calculus

Several equivalent version of this functional calculus were
developed by EULER, LAGRANGE, EMMY NOETHER,
GELFAND, DORFMAN, ANDERSON, OLVER, ...
These versions are not computer friendly for two reasons.
Either

1 they use partial derivatives (infinite formulas)
instead of total derivatives (finite formulas)

2 the functional tensors are only unique up to divergences
(normal forms are needed to extract conditions by equating
them to zero)

In my thesis I suggested a computer friendly version of this
calculus by solving these two issues1.

Implemented it in the Maple package jets (joint work with
GEHRT HARTJEN).

1Starting from 3-tensors a normal form was missing.
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The BOUSSINESQ as an ODE

Now consider the BOUSSINESQ functional vector field

ξ := vx
∂
∂u

+
(

1
3uxxx +

8
3uux

)

∂
∂v

∈ V
1

If this vector field is HAMILTONian with respect to some
POISSON functional bivector Θ
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If this vector field is HAMILTONian with respect to some
POISSON functional bivector Θ, then

LξΘ = 0 (invariance condition)

[Θ,Θ] = 0 (POISSON condition)

In a calculus using total derivatives and offering normal forms
the above two conditions lead (depending on the order and the
jet order of Θ) to a huge system of linear+non-linear partial
differential equations
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The BOUSSINESQ as an ODE

Now consider the BOUSSINESQ functional vector field

ξ := vx
∂
∂u

+
(

1
3uxxx +

8
3uux

)

∂
∂v

∈ V
1

If this vector field is HAMILTONian with respect to some
POISSON functional bivector Θ, then

LξΘ = 0 (invariance condition)

[Θ,Θ] = 0 (POISSON condition)

In a calculus using total derivatives and offering normal forms
the above two conditions lead (depending on the order and the
jet order of Θ) to a huge system of linear+non-linear partial
differential equations, which can be solved by a computer.
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A Theorem and a Conjecture

Theorem

Let ξ be the BOUSSINESQ functional vector field. The space of
ξ-invariant (2, 0)-functional tensors of order ≤ 10 and jet order
≤ 6 is a two dimensional R-linear space generated by the two
functional bivectors

Θ :=
(

0 Dx

Dx 0

)

,

Ξ :=
(

D3
x+2uDx+ux 3vDx+2vx
3vDx+vx

1

3
D5

x+
5

3
(uD3

x+D3
x·u)−(uxxDx+Dx·uxx)+

16

3
uDx·u

)

.

Mohamed Barakat Geometric Objects and Integrable Systems

http://www.mathematik.uni-kl.de/~barakat/
http://wwwb.math.rwth-aachen.de/~barakat/thesis/


Solitons
Geometric Objects

Natural bundles
Fibered Calculus

A Theorem and a Conjecture

Theorem
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1

3
D5

x+
5

3
(uD3

x+D3
x·u)−(uxxDx+Dx·uxx)+

16

3
uDx·u

)

.

Moreover, these two functional bivectors are
POISSON bivectors:

[Θ,Θ] = 0, [Ξ,Ξ] = 0
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A Theorem and a Conjecture

Theorem + Conjecture
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Surprising phenomenon

The functional calculus admits no “rectification theorem”.
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Surprising phenomenon

The functional calculus admits no “rectification theorem”. It is
an extremely rigid calculus with close ties to combinatorial
structures in algebraic geometry.
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