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Introduction

This work deals with the calculus of functional spaces, which generalizes the
classical tensor calculus on manifolds. Especially the spaces of functional s-forms
F*, functional s-vectors VS, and also mixed functional tensor spaces like the space
of functional (1;1)-tensors F!- V! are introduced.

Functional spaces are of major importance in the formal theory of PDEs,
the simplest and well known examples being F°, F! and V!. The space F° is
nothing but the space of functionals, i.e. integrals of LAGRANGIANS. The space
F!, also called the space of source forms, contains as a subspace the wide class
of EULER-LAGRANGE equations. The “dual” space V1, also called the space of
evolutionary or characteristic vector fields, was already known to L1E. But also
higher functional spaces appeared recently in a natural manner. The classical
HELMHOLTZ conditions of the calculus of variations have been recognised to be
a functional 2-form, i.e. an element of F2. The HAMILTONIAN structures of
completely integrable evolution equations are functional 2-vectors, i.e. elements
of V2 and the LENARD type recursion operators are functional (1;1)-tensors,
i.e. elements of F*- V. The most popular examples of such equations are the
Korteweg-de Vries, Boussinesq and nonlinear Schrodinger equation.

The formal setting for all these objects is the jet calculus It has already been
used by LIE in an informal manner to have coordinates for partial derivatives
of all orders. For instance a vector field on a fibred manifold with components
depending not only on the original coordinates, but also on their formal deriva-
tives up to a certain order, is called genealized vector field. Details on fibred
manifolds and associated jet spaces will be introduced later. The jet language
will be freely used throughout this thesis. Good references are [And] and [Pom].

The first aim is to define functional spaces using a minimum of unfamiliar
language. We define higher functional forms as totally skew-symmetric matrix
differential operators, avoiding the introduction of differential forms®, appearing
in [And] and [Olv], to define them. We define functional multi-vectors and mixed
tensors in a similar fashion. This practically oriented rather than intrinsic defini-
tion yields a simple data structure for computer implementations and a concise

1For the connection betweenthe operator approach adopted here (for all functional spaces)
and the di®erenial form approad for functional 1- and 2-forms see[Olv], Propositions 5.87 &
5.88.



notation for theoretical investigations. As opposed to the differential form ap-
proach it enables us to work with forms, multi-vectors and tensors on an equal
footing. Furthermore, even with the aid of the LEIBNIZ product rule alone we
are able to recursively determine the action of generalized infinitesimal transfor-
mations, i.e. the Lie derivative of generalized vector fields on these spaces, adding
to them the inner life stolen by our nonintrinsic definition. This is explicitly done
for all functional tensor spaces ®" F1- &° V! including the sub-cases FS and VS,
Algebraically speaking, the basic principle of this approach, namely the LEIBNIZ
product rule, recursively turns these spaces into modules for the Lie algebra of
generalized vector fields, or equivalently for the Lie algebra of evolutionary vector
fields V1, starting with F® and proceeding to higher order functional spaces.

The second and more ambitious aim is to construct in a straightforward man-
ner the so called EULER complex

0l FOr* FL1* F21* B3 1% .-

This is an infinite, locally exact sequence of spaces of functional forms, general-
izing the DE RAHM complex from differential geometry.

In the new approach taken here one defines the EULER complex by assuming
the validity of the CARTAN formula

Lx =% + &=

at each step, where Lx : F® ! F® is the Lie derivative along the generalized
vector field X and Yk : FS** | FS is the interior product with respect to X . This
suffices to recursively define the morphisms * at each stage. At the same time it
automatically enforces? the local exactnessf the constructed sequence. The first
three steps of this recursion are explicitly carried out. The first operator + = E :
FO1 F?! coincides with the EULER operator of the classical variational calculus.
The EULER complex owes its name to this fact. The second one+=H:F!! F?2
reproduces the HELMHOLTZ conditions of the variational calculus. It is called the
HELMHOLTZ operator following [And]. The simple description of the space F3
and the recursive approach yields a description of the operator =T : F2! F3,
I call it TAKENS operator.

The EULER sequence has an exact formal analogy with the DE RAHM se-
quence, except that the former does not terminate and that there is no analogue
for the wedge product. Nevertheless, if we allow the number of independentvari-
ables to be zero, then both languages coincide. A functional is a function, a
functional form is a form, and so on. Further E becomes the gradient, H becomes
the curl, and so forth. The EULER complex is then precisely the DE RAHM
complex.

2The integrated form of a Cartan formula is a homotopy formula expressingthe local exact-
ness.



The EULER complex appears naturally as the rightmost column of the vari-
ational bicomplex which is avoided by this direct approach, but nevertheless a
central object in what I. M. Gel'fand called “formal differential geometry” in his
1970 address to the International Congress in Nice. It is a locally exact double
complex.

" "t "+
01 Qoe Go¢ s R
" "t "+
01 Q2 P ooz P ogee P ogpt2 Poge2 M p2 |
B " "k "t "+
0 1 0t P oot P ogee P ooplt Poget Y FL oy g
s " "k "t "+
01 R 1 Q0O P g P gg P g0 P geo {v po |
o Ry ooy ¢ oeee ! o2t Qb 10
0 0 ¢0¢ 0 0

Starting with a fibred manifold ¥a: E! M over a p-dimensional base mani-
fold M one defines jets, contact forms and horizontal forms, and uses them to
introduce the spaces of graded differential forms Q"% = Q"S(%). In the above
diagram D denotes the total derivative and % the vertical derivative, naturally
extended to differential forms. Their sum d = D + % is the exterior derivative on
the infinite jet space J*>°(¥). The bottom row is the classical DE RAHM complex
of the base manifold M .

The terminology “variational bicomplex” is motivated by the above mentioned
facts that + : FO | F! coincides with the EULER operator and + : F1 | F?2
reproduces the HELMHOLTZ conditions of the calculus of variations. Nevertheless
there is a wide range of applications of the variational bicomplex that go far
beyond variational problems. For details see [And].

The variational bicomplex provides a way to intrinsically define F® as the
quotient space QPS=D(QP~1%). Because the last D coincides with the divergence,
one could naturally identify the quotient map 2P 1 F® with the integral over M .
Due to this fact, one calls these spaces “functional” spaces. This approach is used
in [Olv]. An equivalent approch relying on a projection operator | : QPS 1 QPs
called the “interior Euler operator” and defining F* := | (2P®), i.e. as a subspace
of QPS_ can be found in [And].

In the dual context we define the NIJENHUIS-SCHOUTEN bracket for func-
tional multi-vectors, generalizing the classical one. We use it to define the notion
of a HAMILTONIAN system of evolution equations. As we succeed to find a useful
normal form for functional 3-vectors, we can check the HAMILTONIAN condition



in a direct manner. We further use the simple idea, that the HAMILTONIAN
structure of a HAMILTON equation is, as a functional 2-vector, invariant under
the flow of the equation, to determine all HAMILTONIAN structures, up to a cer-
tain order, of some known nonlinear completely integrable differential equations.
Because we cannot parametrize the nonlinear space of HAMILTONIAN 2-vectors,
we instead compute the space of functional (2;0)-tensors, invariant under the
flow, and then determine the HAMILTONIAN 2-vectors among them. Using these
results, recursion operators are easily constructed. This is the third and last aim
of this thesis.
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Chapter 1

Functional Spaces

1.1 Basic De nitions

Let E! M be a fibred manifold in p independent variables (x') = (x%;:::;%P)
and ¢ dependent variables (U®) = (u%;:::;u) (cf. [Pom]). Let %5 : Joo(E) ! M
denote the infinite jet bunde having the jet variables(x'; u%) as coordinates, where

variables (X;Y), the jet variable u is addressed by U(.q), Uy by U:1), and Uy by
Uz

Note that higher jet coordinates transform like derivatives, i.e. they transform
according to the chain rule, nevertheless they are not derivatives:

Q@ @ _ @x_ @x ... _ @
& @& @& @ @
Since global aspects do not play any role in this work, it suffices to express all
objects locally, i.e. in terms of a fixed coordinate system, provided one knows
how the objects transform under one parameter subgroups of transformations
(or more generally under coordinate changes of E). Since a one parameter sub-
group is determined by its infinitesimal transformation in the sense of Lie, it
suffices to consider infinitesimal transformations (i.e. Lie derivativeg of the ob-
jects, which is the philosophy adopted in this work. They have the advantage
of being linear operations compared to the highly nonlinear coordinate change
formulas, inheriting their nonlinearity from the repeated use of the chain rule.
Following [Olv], let A denote? the space of di®erential expessionsover E,
i.e. smooth real-valued functions of finitely many arbitrary jet variables. A jet
expression f = f (x';u$) is abbreviated by f = f [u]. For example

f [u] = cos(x)4/1+ U2 + ye! Uy

![Olv] usesa di®erent notion of multi-index: u, standsfor uy and u.1:2) for Uy -
2Depending on the context, A will stand for - %0 or - P:0 in the languageof the variational
bicomplex. - P9 is the spaceof horizontal p-forms.

=:1=0

11
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Throughout this work®

Q@ @

— N ®
denotes the total derivative with respect to X', i = 1;:::;p, where J + 1; =
(J1;::5;3i + 150015 Jp). Further define

D; := (D)’ ¢¢¢(Dp)’: (1.2)

By this one gets for example

Do (XUy) i 2Uyy |

Uxxy = Dxuxy = I:)yuxx = Dxx Uy = Dxxyu = X

A genenlized vector “eld* v is a vector field on E which may depend on higher
jet variables
@ @

vV =y [u]@ +'®[u]@:

The characteristic of a vector field v is a column Q 2 A% defined by
Q¥:="% uP" (1.3)
And conversely to each characteristic Q 2 A9! one associates a vector field
Vo = Q®@; (1.4)
called the evolutionary or characteristic vector eld with characteristic Q. If Q is
the characteristic of a vector field v, then one calls Vg the characteristic vector

field associated to v and denotes it occasionally by Vey.
Let for example (t; X) be the independent, and (u;V) the dependent variables. If

1 8
V = @+ Vx@+ (guxxx + guux)@;

then
Q- Q" _ Vi i Ut _
QY TUex + SUU Vg )7
and ' .
Vo = (Wi u)@+ (guxxx + Ui ) @:
For a characteristic vector field Vg the (infinite) prolongationis defined by
@
prvg = D;Q%—: (1.5)
@4

3The sumis always to be taken over equal upper and lower indices (summation convertion).
4The word \generalized" is often skipped in the text.
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And for a generalized vector field V.= »@: + "~ ®@. with characteristic Q one
defines

prv :=prvg +»D;: (1.6)

The prolongation formula arises as follows: A vector field on E generates a local
flow on E, which determines by chain rule a so-called prolongel local flow on
J(E), having the prolonged vector field as its infinitesimal transformation. Thus
the prolongation formula is nothing but the in nitesimal chain rule.

When applying generalized vector fields to differential expressions, one must first
prolong the vector field before applying it. Since the prolongation prVv is uniquely
determined by v and conversely V is a part of prv, we shall identify them. Note,
the prolongation operator pr is R-linear and not A-linear.

For the above example one verifies

1 8
pr(l)VQ = (Vx i Ut)@ + (guxxx + guux i Vt)@

1 8 8
+(Vix i Ug)@, + (ZUpx + —UtUx + —UUi | Vit )@,

3 3 3
1 8 , 8
+(Vix | Ux)@, + (guxxxx + 3Ux + Ul | Vix )@,

and

1 8
pr(l)v =@+ V@ + (guxxx + guux)@

1 8 8
+vix @, + (gutxxx + gUtUx + gUUtx)@t

1 8 8
+Vex @, + (guxxxx + §U§ + guuxx>@z;

where pr(®v means the k-th prolongation of v, i.e. the prolongation up to the
partial derivatives w.r.t. jets of order at most K.

1.2 Functional Spaces

1.2.1 De nition (T otal di®erential operator)
A total® (matrix) di®efential operator is an operator of the form D = (Pg-Dj)
(®=1;:::;r, =1;::1;s, finite sum over J)

D Al | AS
{ (Te)o 7' (g1 P&-DiToe)-

where Pg- = Pg-[u] 2 A. The order of a differential operator is the largest
number M with at least one Pg- & 0 for jJj = m. Its jet order is the highest
order of a jet variable appearing in the coefficients Pg- of D.

5The word \total" is often dropped in the sequel.
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1.2.2 Remark

AKX stands for the space of k-tuples At this stage, the position of the indices (®
and ~ being upper or lower) does not play a role. Once we identify A¥ with either
the column space AK*! or the row space Ak, then the index position matters
(see below). To apply a matrix differential operator to a row or a column T,
one identifies T back with a column tuple, only to be able to interpret DT as a
matrix applied to a column.

1.2.3 Example

The following® matrix operator E

E_ D3+ (uDy + Dy ¢u) 3vD, + 2vy ]
- 3vDy + Vi D3+ 2(uDE+ D3 ¢u) i (ux Dx + Dy Cuyx ) + 22uDy ¢u

has order 5 and jet order 3.

For details and motivation of the below definitions see [Olv], Chapter 5, Sec-
tion 4.

1.2.4 De nition (Curren t)

1.2.5 De nition (Div ergence)
For a current A = (Al;:::;AP) the operator Div: AP! A defined by

DivA := D;A! (1.7)
is called the divergene operator.

1.2.6 Lemma (In tegration by parts form ula)

For a matrix di®erenial operator D = (Dg-) : A" ! AS andfor S 2 AS, there
existsaunique R 2 A", sud that for eath Q 2 A", there existsa current A 2 AP,
sud that the following integration by parts formula holds®

S¢DQ = R ¢Q + DivA:

More explicitly, for Dg~ = Pg-Dj and S = (S-) the unique R = (Rg) is given by

Ro=) (i D)s(Pa-S);

where(j D); = (j 1)P/D;.

5D, ¢u := Dy(u ¢
AP standg for - Pi 1.0 in the languageof the variational bicomplex.
5R ¢Q = ® R@Q@.



1.2. FUNCTIONAL SPACES 15

Proor.  Cf. [Olv], Section 5.3. O

1.2.7 De nition (Adjoin t operator)
Using the notation of the above lemma, the map S 7! R defines a total differential
operator D* = (D%g) : AS! AT called the formal adjoint operator of D:

D*g:= (i D);(P3- ¢):

Note, the adjoint of a matrix differential operator is the transposed of the matrix
where the adjoint operator is applied componentwise.

For example, if

then its adjoint is
D* = (j 1)°DyDx + (i Dx)Uy + Uxyy = Dyy i UyDy:
Every operator coincides with its double adjoint:
D™ =Dy, + Dxuy = Dyy + UyDy + Uy

1.2.8 Corollary (Integration by parts form ula)
The integration by parts formula takesthe form?®

S¢DQ = D*S ¢Q + DivA: (1.8)

1.2.9 De nition (Self- and skew-adjoin tness)
An operator D is self-adjoint (resp. skew-adjoiny, if D* =D (resp. D* = D).

1.2.10 Example
The operator E of Example 1.2.3 (see also Example 4.3.14) is written in such a
manner, that its skew-adjointness becomes obvious.

The composition of two total differential operators is again a total differential
operator.

1.2.11 Lemma
LetD =P'D;:A! AandE=M'D, : A! A betwo di®eretial operators.
Then

DE:Z(}L)PJDK(M')D.HK; (1.9)

where () = ﬁ in multi-index notation. The composition of two matrix

di®erettial operators is the usual matrix product, where the multiplication of
ertries is replacedby the composition (1.9).

9Cf. [Olv], Formula (5.77).
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PROOF. This is a direct consequence of the Leibniz rule for total derivatives
D,: and the fact that they commute pairwise. U

1.2.12 Example
For D = Dyyx +UDyx +Uy and E = Dyyy + %UDX + %ux one verifies for the product
operator

5 10 2
DE =D¢ + §uD;‘ + gufo + (Buy + guz)Di
5 5 1 1 1
(S oo + FUL)Dx + (Slooo + Ul + §U§):
And for the adjoint operator D* = j Dy | UDy one verifies similarly
5 10 2
ED* =i D¢ guD;‘ i EUXD’% i (3u + guz)Df i (Uxxx + UUy)Dy:

See also Example 1.3.6.

1.2.13 Corollary
The adjoint of the product of two composabledi®erettial operatorsD; E satis es

(DE)" = E'D™: (1.10)
PROOF.  General integration by parts formula (1.8). O

1.2.14 De nition (Functionals, Lagrangians)
The space F° defined locally!® by

FO .= A=Div(AP)

is called the space of functionals. In this context!!, elements of A are called
Lagrangians Lagrangians representing the same functional are called equivalent

For example the two Lagrangians %uf( and j %uuxx are one and the same func-
tional; they differ by Dy (Fuuy).

1.2.15 De nition (Functional 1-vectors)

By V! we denote the space of evolutionary vector fields, or equivalently the space
of characteristics over a jet bundle. This space can be identified with A%<,
Its elements are also called functional vectors, or more elaborately functional 1-
vectors.  For the components of a characteristic Q = (Q®) one uses an upper
index and calls the components contravariant.

0Two Lagrangiansrepresen the samefunctional, if and only if their di®erenceis locally a
divergence.
Here A standsfor - P L 2 A standsfor the horizontal p-form Ldx®# ::: 7 dxP.
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By D : V1 I A" we mean an r £ ¢matrix*? of differential operators D =

(DQ)' =DLQ% 1=1;::;r:

In order to define the F°-dual of V! we need the following special case of the
integration by parts formula:

1.2.16 Corollary
ForQ2 VtandD :V!! A thereexistsacurrernt A 2 AP sud that the following
integration by parts formula holds

DQ = D*(1) ¢Q + DivA; (1.11)

where D*(1) = (Dj(1);:::;D3(1)) 2 A9, This decompmsition is unique', in
the sensethat if there existsa A 2 A9, sud that for eath Q 2 V!, there exists

acurrent B 2 AP, such that DQ = A ¢Q + DivB, then A = D*(1).

Proor.  This is a special case of the general integration by parts formula (1.8)
and the uniqueness property of Lemma 1.2.6. ([l

For the example following 1.2.7, D*(1) = 0, thus DQ must be a divergence for
all Q 2 V2. Indeed DQ = DivA with A = (u,Q; DyQ), but also DQ = DivB with
B = (u,Q+ DyQ;0).

1.2.17 Corollary

A di®eretiial operator D : V1! A viewed asdi®eretial operator D : V1! F°
can be identied with a unique elemen in A1*9. Cornverselyany elemen A 2
A4 denesvia Q 7! A ¢Q := AeQ® a di®erenial operator V1! FP°,

1.2.18 De nition (Source forms, Functional 1-forms)

The space F! := Hom(V}; F%) :=fD : V1! F9% D total differential operatorg is
called the F%-dual space of V. It can be identified with A'*9. Its elements are
called source forms or functional forms, or more elaborately functional 1-forms.
For the components of a source form A = (Ag) one uses a lower index and calls
the components covariant.

The integration by parts formula (1.11) states that the R-bilinear map
FIg Vi | FO
(AQ) 71 AQ

is a natural FOvalued pairing of V! and F!, thus (V;F!) is a F%-pair, and we
write (V1)* 2 Fl and (F1)* 2 Vi

12The position of the index ® for D and Q is important, whereasthe position of | is yet
irrelevant.

13 Although the current A, depending on D and Q, is not unique.

1A pairing meansR-bilinear and nondegenerate.
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1.2.19 De nition (Functional tensor and wedge pro ducts)
Let X;Y;X; 2 fVYLFlg, i =1;::5r.

(i) The functional tensor product X - Y := Hom(X *;Y) is the set of all q£ ¢+
matrix differential operators D : X *! Y.

(ii) The functional tensor product ); X; := Hom(X{; X3;::5; X[ 5 X1- Xy)
is the set of all R-multilinear maps

D:{ XTEXSE CCE X[, | XiZ1- X,
(S1;::0:S522) 71 D(Sy;::1;S2)

of the form
D(Si;:1:S2) = (8w 2o (ST, ®8(S”5%)5,,D5)e;
.o ° 15 AJd1::dp—2;d
1

where (S ) := D, (§; ) are total derivatives and the coefficients™ ag, g e~
are jet expressions, which uniquely determine D, but are also uniquely'® de-

(iii) The functional wedge product X2 = A2X is the set of all skew-adjoint
operators D 2 X - X.

(iv) The functional k-th wedge product X ¥ = AkX is the set of all operators
D2 ®k X satisfying

The definition of the functional k-th symmetric product S¥X is analogues. Ele-
ments of Q' V! - &°F! are called functional (r;s)-tensors VK = AKV! (resp.
Fk = AKF1) is called the space of functional k-vectors (resp. functional k-forms).

1.2.20 Remark

X - Y is not the classical tensor product, but is rather a tensor product over
FO. This should not be interpreted in a classical manner either, since F° has no
multiplication structure (p> 0); functional spaces are not modules over F°.

SFor the coexcients agiithe multi-indices J, J;'s are upper indices. The position of ® and
~ will be discussedin Remark 1.2.21 ® is an upper (resp. lower) index, if X7 2 F! (resp.
X2 Vvl ie. it is always opposite to the position at the S; 2 X .

16Seethe discussionbelow Example 1.2.22
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1.2.21 Remark

The four spaces V- VI, F1- F1 F!- V! and V!- F! are defined as the space
of £ ¢g-matrix differential operators D : A9! A9 To apply such an operator,
identify F! resp. V! with the ¢-tuple space A9 and apply the matrix operator
from the left. Hence, as matrices one cannot optically distinguish the elements
of these four spaces. For D 2 V' - V! (resp. F1 - F1 F!- V1) one writes
D = (D®) (resp. (D), (D®)) to distinguish the first three of them. Since the
last two spaces are naturally isomorphic (cf. Corollary 2.8.4) there is no urgent®’
need to distinguish their elements (see Section 2.8.) As usual, composition is
only possible if one sums over an upper and a lower index, e.g. two elements of
V1- V! are not composable.

1.2.22 Example
For T = (TY; TV) 2 A2 the operator’®

B (1 2vTYDy i WTYi VI VTUDy + 2T + v T
D =D(T)= ( VTUDy i VT} 0

can be regarded as a functional (r;s)-tensor with r +s = 3. If one specifically
views it as a functional (3;0)-tensor, i.e. an element of V- V- V1 (resp. (0;3)-
tensor, i.e. an element of F1- F!- F1) then one can immediately verify the total
skew-adjointness properties appearing in (iv):

D(T)"=i D(T); D(T)S=i D(S)T:

Thus D(T) is evena functional 3-vector, i.e. an element of V3 (resp. functional
3-form, i.e. an element of F3). Cf. Example 3.5.7, where the above operator
appears naturally as a functional 3-form.
In contrast Uy
B 0 i TYT/Dy
E(T) = ( | TVDy i 2TY 2T'D, + T )

is not linear in T and therefore not a functional tensor.

One can use the general integration by parts formula (1.8) to justify the
definitions of functional spaces starting with more natural ones like

X - Y := Hom(X*;Y*;F%);

where Hom(X *; Y *; F9) denotes the space of bilinear total differential operators of
X*£ Y* with values in F?, i.e. an operator D 2 Hom(X *; Y *; F°) depends linearly
on the components of the first (resp. second) argument and its total derivatives
and takes values in FO. More explicitly, D(Si;S;) = a3t® (St*)s, (S3?)s,, where
the coefficients af@llg@zz are jet expressions uniquely determining D, but are not

7By using D% and D-® one can indeed distinguish them.
18T® =D T®
J - J .
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uniquely determined by D. In this approach the space of functional K-forms

Note that this an identity between functionals, which expresses the drawback of
this “simpler” approach. One cannot directly check the vanishing of a functional,
making it hard to construct useful normal forms for the functional spaces. The
approach suggested in 1.2.19 eliminates this difficulty. As mentioned, one can use
the integration by parts formula to prove the equivalence!® of both definitions.

1.2.23 De nition (Con traction)

following maps, which one denotes by h¢Ci
(i) A pairing F1£ V11 F% (A;Q) 7! A ¢Q := AsQ®.

(ii) An action
(X1- €C¢¢- X, - Ft- Xi_1) £ (VAR Xq1- ¢CC- X,_4
{ (D(S1;::::S-2); R) 71 D(Sy;:i;S2)R
(iii) A composition
(Xp- €8¢ X, o- F1- X, )£ (X- V) I X;- ¢6¢- X,_;- X
{ (D(S1;::5:S-2); R) 7! D(S;; S -2)R

(iv) One of the above with F! and V! interchanged.

A contraction is thus a sum over lower and upper indices (for the multi-indices
Formula (1.9) is used). Further, a contraction involves only total derivatives.
Of course, one can also consider more general contractions with more than two
arguments, or where one sums over more than one pair of upper and lower indices;
these, however, do not occur in this thesis.

1.3 Basic Lemmas

We begin this section with the Fréchet derivative, which is the core part?® of the
vertical derivative mentioned in the introduction.

190ne usesthe integration by parts formula, to eliminate one multi-index: (J;:::J;) !
(J1:::3r; 2;3). This yields the uniquenessof the coe+cients (cf. De nition 1.2.19 (ii)).
20In the languageof the variational bicomplex: A = &+ = (Da)e+u®for A2 A~ - 00,
i J
with the contact forms +uf := duf i uf,, dx'. The Frdet derivative applied to (new)
linearised dependert variables (v1;:::;v9) yields the linearised equationsfor the vertical space

Rq = V(Rg) in the languageof [Pom], p. 83.
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1.3.1 De nition (Fr®chet deriv ativ e)
For T 2 A" the differential operator Dy : V1! A" defined by

Dt = ( """ —DJ> (112)

is called the Fr@chetderivativeof T.

1.3.2 Example
1. The Fréchet derivative of the characteristic R = Uyyy + UUy iS

Dr = Dyxx +UDy + Uy:

2. The Fréchet derivative of the characteristic

_ Vi Ut
Q= i + Sty v
3 Yxxx 3YUx 1 Vit

is the 2 £ 2-matrix differential operator

D — | Dt DX .
© 1Dy« + S3uDy+8uy i Dy J°

We first note the following two basic formulas. The first one relates the
prolongation of an evolutionary vector field and the Fréchet derivative:

prVQ(T) =DrQ; (113)

for all T 2 A" and Q 2 VL. The proof follows immediately from the prolongation
formula (1.5) and the definition of the Fréchet derivative (1.12). The second
formula is the standard LEIBNIZ product rule

prv(L ¢P) =prvL ¢P + L ¢prvP (1.14)

where V is a generalized vector field and L; P are arbitrary differential expressions.
It just expresses the fact, that a vector field is a derivation.

1.3.3 Lemma ([Olv], Lemma 5.12)
For P 2 A and R 2 V! the following comnutation rule holds

prvr(DiP) = Di(prvsP): (1.15)

PrROOF.  From the simple commutation relation

@, _ 5 o @ @ |
@S@(DIP)_DI<@‘S@)+ C
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we get

prvg(DiP) "= DJ(R®)@%(DiP)
J
_ DJ(R®)Di(%) +D;(R®) %’1‘
_ DJ(R®)Di(%) +DiDJ(R®)%
= Dj(prvgP):

O

1.3.4 De nition (Directional deriv ativ €)

Let D =P'D; : A! A be a differential operator and Q 2 V. The directional
derivative’! prvq (D) with respect to the evolutionary vector field vq is defined
by

prvo(D) = prvq(P?)Dy: (1.16)
The directional derivative of a matrix differential operator is the matrix of the
directional derivatives of the entries.

1.3.5 Lemma
The directional derivative of a di®erettial operator is de ned in such a way, that
the following Leibniz rule®? for operators holds:

prvg(DT) = prvg(D)T + Dprvo(T); (1.17)
or equivalently by (1.13
DDT(Q) = prVQ(D)T + DDTQ, (118)

for arbitrary di®ererial operatorsD : A" ! AS and T 2 A'". This property
uniquely determinesthe directional derivative of a di®eretial operator.

PROOF. This is a direct consequence of Formula (1.15) and the standard
Leibniz rule (1.14). O
1.3.6 Example

For R = Uy + UUy and E := Dy + %UDX + %ux one verifies that

2 2 1 1 1
prVR(E> = (guxxx + §UUX>DX + (guxxxx + guuxx + gui):

Using the calculations of Example 1.2.12 we have just verified
prvr(E)i DrEj EDj = 0:
Cf. Theorem 4.2.4 and Example 4.3.13.

21| deliberately avoid calling prvo (D) a Lie derivative, as suggestedin [Olv].
22[0lv], Formula (5.38).
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1.3.7 Remark
If in the following the differential operator is not specified any further, then the
statement is valid for the general case.

1.3.8 Corollary
For two composabledi®eretial operatorsD ; E we have the following Leibniz rule:

prvo(D ¢E) = prvgD ¢E+ D ¢prvgE: (1.19)
PrOOF.  Apply Formula (1.17) twice. O

1.3.9 De nition (Directional deriv ativ e of functional tensors)
J1::dr2d ®,_ .
Let D(Sy;:::;S2) = (a®11:::®:2;®—(8(1@1)J1 ¢¢e(S,"5%)s,_,Dy)e be a functional

r-tensor and Q 2 V!. The directional derivative?® prvq(D) is defined by

prvg(D)(S1;::1;S2) =
(prVQ(aéi::::::‘géizz;i@_)(s?l)\h ¢¢¢(SE®:£2 )Jrfz DJ )®_: (120)
1.3.10 Lemma
For a di®erettial operator D and R 2 V? the following commutation rule holds

prvr(D*) = prvgr(D)*: (1.21)

PrOOF.  Without loss of generality D = PYD; (P? 2 A). By using Lemma
1.3.5, we obtain

prvr(D*) = prvr((i DD (P'¢))
= Z(I 1)I|PrVR((‘IJ)DJ(PI)DIJ)

J

= (i D"'Di(prvr(P')¢)
= prvg(D)":

O

The following two lemmas are the key tools in this work. They describe the

interaction between the prolongation operation and the Fréchet derivative. The
first one is simpler and is a part of the proof of the second.

1.3.11 Lemma (First key lemma)
For L 2 A and R; S 2 V! the following di®eretial expressionsoincide:

prVR(DL)S: pI’VS<D|_)R: (122)

23|t can be viewed as a trivial Lie derivative.
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PROOF.

@L -

= prVg(DL>R:

prVR(DL)S = D|(R®)

O

1.3.12 Lemma (Second key lemma)
For L; P 2 A the operator** prv.(D;)P : V11 FLR 7! prvg(D;)P is self-
adjoint:

(prv.(D;)P)* = prv.(D})P (1.23)

PROOF. Using the two previous lemmas, we get for arbitrary R;S 2 V? the
following identities of functionals

prvr(DF )P ¢s 2V

pr VR(DL)*P ¢S
P ¢prVR D.

R
D/

= (DL)s
(léZ) I’Vs( |_) ¢P
(D)P

(129 R Cprvsg

As a corollary we get the following important formula:

1.3.13 Corollary ([Olv], Formula (5.60))
ForL2 A andR 2 V!

Dprvr) = Prvr(DL) + DLDr: (1.24)

PROOF.  For an arbitrary S 2 V! we have
(1.13)
DprvR(L)S = DDLRS

(128) prVS(DL)R + D|_ DRS

(1£2) prVR(DL)S + D_DRrS:

O

For those of the above results that also appear in [Olv], proofs are provided if

they are omitted in the book, or if the proof given here is more simpler or more

direct. The above definition of higher functional spaces and at least the second
key lemma seem to be new.

24In [GDo1], p. 257, prv¢H) is called the Fr@det derivative of the operator H and denoted
by Dy : (Dn €)( Q) = prvq(H)e.



Chapter 2

The Lie Derivative and Lie
Module Structures

2.1 Leibniz Rule

2.1.1 De nition (Lie deriv ativ e)
For a generalized vector field v a Lie derivative L, satisfies the following prop-
erties':

(i) The Lie derivative is R-linear and preserves the type of functional tensors,
i.e. if it is defined for a functional space X, then it carries elements of X to
elements of X, more precisely L, : X I X.

(ii) If X, Y and Z are functional spaces, and h¢€¢i: X £Y | Z is a contraction,
then the Lie derivative satisfies the Leibniz rule

Lyhasb = Hya;b + ha; L, bi; (2.1)
foralla2 X and b2 Y.

(iii) For all functional spaces X for which a Lie derivative is defined, the Lie
derivative defines an R-bilinear map

. VIE X | X
h¢¢|:{ Ra) 7! L,.a (2.2)

satisfying (2.1). Let us call it a non-total contraction?.

INote, properties (i) and (ii) are also satis ed for covariant derivativesr . It is condition
(i) that enforcesthe uniquenessof the Lie derivative; it can also be written asL, (L) = O.

2Although it is not a cortraction in the senseof De nition 1.2.23 It may be regardedas a
\generalized" cortraction.

25
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The philosophy of this chapter is to utilize the above properties of the Lie deriva-
tive, to recursively define a V!-Lie module structure for all functional tensor
spaces, where the functional space V! will be endowed with a Lie algebra struc-
ture.

2.1.2 Remark (Non-total contraction)
Combining (i) and (iii) one gets LyL,,a = LyhR;ai = hLyR;ai + hR;Lai
=Ly, za+LyzLva Hence for alla2 X

Ly;Lv,Ja=L a (2.3)

VLyRr ™™

2.1.3 Lemma
For two generalizedvector elds v and w the commutator [L,;L] of the Lie
derivativesL, and L, satis esthe above conditions (i) and (ii).

PROOF. (i) is obvious. For (ii) take a2 X and b2 Y arbitrary. Then

hLyLya;bi = Hh.,(Lya);bi
@D Wgabii hyaLbi
@D L, (Lwhe;bi | haLwbi)i HyaL b
(2 L.Lyha;bij ha;LyLybij hLya;Lybij hoya;L,bi
and hence
HLy;Lwla;b =[Ly;Lw]ha;b j ha;[Ly;Ly]b: (2.4)

This is the elementary proof of the well-known fact, that the commutator of two
derivations is again a derivation. (l

2.2 Functionals

In this section the behaviour of functionals (functional 0-forms) under infinitesi-
mal transformations is studied.

2.2.1 Lemma ([Olv], Formula (4.15))
A LagrangianL 2 A transformsin nitesimally accordingto the rule

LyL = prvL + LDiv(»); (2.5)

wherev = » £+ ’ ®@—% is a generalizedvector eld® and L, is the Lie derivative
with respectto v.

3[Olv] provesthis for point vector "elds only. His proof usesthe fact, that L is an\in tegrand",
or more precisely a horizontal p-form Ldx! ~ :::~ dxP, and the fact that a vector eld is a
derivation. The above Lie derivative coincideswith the notion of projected Lie derivative L],
for (p;0)-forms (i.e. horizontal p-forms) introducedin [And], Chapter 3.
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Proor.  [Olv], Theorem 4.12. O

2.2.2 Corollary (Lie deriv ativ e of functionals)
For a Lagrangian L viewed as an elemen of FO, i.e. as a functional, the Lie
derivative L, : F®! F° with respect to a generalizedvector eld v is given by

LyL =prvolL (2.6)

whereQ is the characteristic of v. Onealsosaysthat the functional L transforms
infinitesimally accordingto the above rule.

PROOF.
Lob %2 prvl + LDiv(»)
(19 prvol + » DiL + LD ;»
= prvglL + Div(L»)
= prVvol;
where the last equality is one between functionals. 0

2.2.3 Corollary
For a LagrangianL viewed as an elemen of F°, the Lie derivativesL, and Lv,
coincide.

2.2.4 Axiom

We declare Formula (2.6) an axiom. It is the starting point to recursively de-
termine the Lie derivative, or algebaically speaking, the V1-Lie module structure
for all functional tensor spaces.

2.2.5 De nition (V ariational symmetry) '
For a Lagrangian L 2 A a generalized vector field V. = » @: + "~ ®@- is called a
variational symmetry; if

LyL =prvL +LDiv(») =0 (2.7)
in A.

2.2.6 De nition (Bessel-Hagen symmetry)
For a functional L 2 F° a generalized vector field v with characteristic Q is called
a Bessel-Hagersymmetry or divergen@ symmetry, if

LyL =prvgL =0 (2.8)
in FO, i.e. if there exists a current B 2 AP, such that

prvgL = Div(B) (2.9)
in A.
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2.2.7 Corollary
The Bessel-Hagersymmetriesof a functional L 2 F° form a Lie subalgebraof
the Lie algebraof generalizedvector elds.

Proor.  This will follow from Formula (2.17). O

2.3 Characteristics

In this section we study the behaviour of characteristics (functional 1-vectors)
under infinitesimal transformations.

2.3.1 Prop osition ([Olv], Prop osition 5.15)
(a) The comnutator of two prolongedewlutionary vector elds is again a pro-
longedewlutionary vector eld. More precisely
[PrvQ,iprvo,] = prvas; (2.10)
with
Q3 =prvo,Q2i prvg,Qu: (2.11)

(b) The commutator of two prolongedgeneralizedvector elds prvy; prv, is again
a prolongedgeneralizedvector eld prvs, with

@.
@ 9@-
If Q1 (resp.Qy) isthe characteristicof v, (resp.vy), then v hasthe characteristic
Qs given by the above formula.

- L@ , ,
vy ="Fprvi(»)i prva(»)g— + fprvy( é@) i prva( <1®)

PrROOF.  (a) Let L be an arbitrary differential function, then

[Prvq.iprve,]J(L) = prvo,(prvo,L)i prvq,(prvq,l)
(L13) .
= prVQl(DLQZ)I prVQz(DLQl)
117
9 prvg, (DL)Q2+ DLprvo, Q2
i prvo,(DL)Q1i Diprvo,Q1

1.22
"2 Diprvo,Qsi Diprvo,Q
(1.13) _

= prvprVQle—prVQleL'

(b) follows from (a) and Formula (1.6). O

2.3.2 Remark
The above proposition enables us to define the Lie bracketdirectly on evolutionary
(resp. generalized) vector fields

[VQ.iVaQ,] = Vq, (resp. [Vi;Va] = V3),

with Qg (resp. V3) as above.
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2.3.3 Theorem (Leibniz rule)
For every genealized vector eld v there existsone and only one operator L :
Vi1 V! satisfying the Leibniz rule

L,hR;Li = R;Li +hR;L,Li; (2.12)
for all R 2 V1 and L 2 F° whee

MR;Li :==L,,L: (2.13)

PrRoOOF.  Using the reformulated Leibniz rule (2.3) for the non-total contraction
(2.13) one obtains

(2.6) (2.3) (2.6)
prvi,rR = L = [Lv;Lv,] = [prvo;prVvr}; (2.14)

VLvR
where Q is the characteristic of v. Finally the two formulas (2.10) and (2.11)
yield LyR = prvgoR i prvgQ. 0]

2.3.4 De nition (Lie deriv ativ e of functional 1-vectors)
Let v be a generalized vector field with characteristic Q, and R an arbitrary
characteristic, i.e. R 2 V1. The Lie derivative of R with respect to v is given by

Ly\R = prvgRj prvgQ
129 prvgR i DgR: (2.15)
If one defines* L, Vg := V| ,r then by (2.10), (2.11) and Remark 2.3.2
LyVr = [Vq;VR]: (2.16)

One also says that the characteristic R (resp. evolutionary vector field vg) trans-
forms in nitesimal ly according to the above rule.

2.3.5 Corollary
On V1, both Lie derivativesL, and Lv, coincide.

PRrOOF. Deliberately, the proof given here does not make use of the special

form of L, on F° but solely of the obvious fact that the map Q 7! L, o On FOis
injective. As in Formula (2.14) one obtains Ly __, @9 [Ly;Ly,] 2.23 [LvosLvg]
= LVLVQ »- By the mentioned injectivity the proof is done. 0
2.3.6 Remark

The above results show that on F°, and therefore on V2, the Lie derivatives L,
and L, coincide. Out of these two spaces we constructed all functional spaces,
thus both Lie derivatives will coincide for all these spaces. So we should omit
Ly in future. For the case of functional spaces F® this fact is proved in [And],
Chapter 3: L; = L;ev.

“Here vg is viewed as an evolutionary and not merely as a generalizedvector “eld.
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2.3.7 Corollary
The Lie derivative L : vq 7! L, = prvg on F° satis es the following rule:

Lva,va,l = [Lvg, i Lvg, | (2.17)

In light of the next proposition, this assertsthat Lie derivative is a Lie algebra
homomorphism,turning F° into a module for the Lie algebraV:.

PROOF.  The proof is done by (2.16) and (2.3) for X = F°. O

As required by (2.3), the Lie derivative will turn out to be a Lie algebra ho-
momorphism for all functional spaces. This is the infinitesimal version of the
associativity of coordinate changes.

2.3.8 Prop osition
The Lie derivative L : vq 7! Ly, = prvg i Dq onV* satis esthe following rule:

L[VQl;VQZ]: [LVQl;LVQZ]: (218)
This is preciselythe Jacobiidertity for the Lie bracket
[VoiiVQ:liVaal = [Vaii Vi Vaall i [Vaai [Voii Vaills

and Q3 being an arbitrary characteristic. Hence,the Lie bracket turns V! into a
Lie algebra. The Lie derivative L becomesa Lie algebrahomomorphism.

PRrROOF.  For the non-degenente’ contraction (2.13)
VIEFR® 1 RO
(R;L) 7! MR;Li
one verifies

(2.4),

—

2.12)

h[LVQl;LVQZ]R;Li = [LVQl;LVQZ]rR,Lii rR,[LVQl;L\,QZ]Li
2.17 .
(:) L[VQ VQZ]I'R,LIi I'R;L[VQl VQZ]LI
2.12 .
v H‘[VQl?VQz]R;LI:

There is of course a direct proof, which does not make use of the more elegant
Leibniz principle for Lie derivatives. Let prvg = [prvo,;prVvag,|, then
(2.15) )
I—vQ = prVQ| DQ
(2.11)

- [prVQl; prVQz} i DprVQle—perle

SWe make use of this fact for the rst argumert only.
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(1.24) . . .

=" [prva.;;prvo,li prvo,(Dg,)i Dq,Dag, + prvq,(Dq,) + Do, Do,
(117) . . .
- [prVQ1' prVQz} i Prvo, DQz + DszrVQl | DQZ DQl

+prvq,Dq, i Dq,prvq, + Dq,Dq,
= [prvq,i Dq;;pPrvq,i Dq,]
- [LVQl;LVQZ]:

O

For every formula of this type, there are two different proofs. The first one

uses the Leibniz principle, emphasising the axiomatic approach followed in this

thesis. The second proof uses the calculus developed in Chapter 1 and is given

here to familiarise the reader with that calculus. This is done one further time
(cf. Proposition 2.4.4).

2.3.9 Lemma
The mapv 7! vq is a Lie algebrahomomorphismfrom the Lie algebraof gen-
eralized vector “elds onto V1. The kernel consistsof all total vector fields, i.e.

PrROOF.  The is precisely the last statement of (b) in Proposition 2.3.1. O

2.3.10 De nition (Ev olutionary symmetry)
Let P 2 V! and u; = P be an evolution equation. Q 2 V! is called evolutionary
symmetryof u, = P, if

Ly P =0: (2.19)

VQ
2.3.11 Corollary

The ewlutionary symmetriesof an ewlution equationu; = P form a Lie subal-
gebraof the Lie algebraof generalizedsymmetriesof the ewlution equation.

Proor.  This follows from Proposition 2.3.8. U

The following easy lemma will be used to proof a criterion for recursion operators
(Corollary 4.3.3).

2.3.12 Lemma (Symmetries of evolution equations)
Let P 2 V.. The ewlutionary vector "eld vq is a symmetry of the ewolution
equatiorf u; = P, if and only if

L,,Q =0: (2.20)

PROOF. The proof is done by L,,Q = j Ly,P and the definition of evolu-
tionary symmetries. 0

See also [Olv] Proposition 5.19, for a time dependent version.

6Neither P nor Q depend on t or any time derivative of u = (u';:::;u).
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2.4 Source Forms

In this section the behaviour of functional 1-forms under infinitesimal transfor-
mations is studied. Functional 1-forms are also called source forms’.

2.4.1 Theorem (Leibniz rule)
For every evolutionary vector eld vq there exists one and only one operator
Lvo F11 F! satisfyingthe Leibniz rule

Lvo(ACR) =Ly, ACR+ACL,,R: (2.21)
for all A2 F! andR 2 V%, whee
A GR = AgR®: (2.22)
Proor.  The claim follows from the following equalities of functionals:

Lvo(ACR) | ACL,,R

9 brvg(AGR)| AL, R

(114,219 prvoA CR + A CprvgR i A¢(prvgR i DgR)
= prVQA ¢R+A¢DQR
(prvQA + DgA) ¢R:
Using the non-degeneracy of the pairing, one deduces Ly,A = prvqA + DgA.

Here we observe the phenomenon, that precisely the non-total derivative prvgR
of R cancels out. O

2.4.2 De nition (Lie deriv ativ e of functional 1-forms)
The Lie derivative of a source form A 2 F! with respect to an evolutionary vector
field vq is given by

Lv,A = prvoA + Do A: (2.23)

One also says that the source form A transformsin nitesimal ly according to the
above rule.

2.4.3 Remark
The identity of functionals

LvoA R =prvgA ¢R + A ¢prvgrQ; (2.24)

appears as formula (4.2) in [GDo2]. It is seen by (1.13) to coincide with the
second last formula in the above proof.

"This notion is due to Takens.
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2.4.4 Prop osition
The Lie derivativeL :vq 7! Ly, = prvq + D5 on F! is a Lie algebrahomomor-
phism, i.e.

L[le;VQZ] - [LVQ]_;LVQZ]; (2.25)
turning F! into a module for the Lie algebraV?.
Proor.  For the non-deggenerte contraction

FrEVE L R
(A;S) 7' AGS

one verifies

(Lva,iLug1A) 68 025

[Lug,ilvg,J(ACS) i A¢lLy, Ly, IS
L[VQl;VQ2]<A ¢S) I A ¢L [VQl;VQZ]S

(L

(2.17),(2.18)

(2.21) .
= Vo, vo,]1A) ¢S

Again there is a direct proof, analogues to the second proof of 2.3.8. Let prvg, =

[prva,;prvg,], then

Lug, = prvg, +Dg,
“2) [orvoyiprva,] + Dorvo,o-prvo,an
(129 [Prva,;prva,] + (prvo, (Dg,) + Do,Dq, i prvo,(Do;)i Dg,Dq,)"
"2 [prvo,iprvo,] + Prvo:(Dg,) + Do,Dg, i Prve,(Dg,) i Do,Do,
(1.17)

[Prvo,;prvo,] +prvo, Do, i Dg,prve, + Do, Do,
i Prvq, D*Ql + D(*?lprVQZ i D(*?z D61

= [prvo, + Dg,;prvq, + Dg,]

— Ly, L

VQl; VQz]

[l

2.4.5 De nition (Distinguished symmetry)
Let A be a source form, i.e. A 2 F1. An evolutionary vector field Vg is called a
distinguish@ symmetry? of A if

8Following [And].
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2.4.6 Corollary
The distinguished symmetriesof a sourceform A form a Lie subalgebraof the
Lie algebraof generalizedsymmetriesof the sourceequation.

Proor.  This follows from Proposition 2.4.4. O

2.4.7 De nition (Generator of a local conservation law)

For A 2 F! the characteristic Q 2 V! is called geneator of a (di®erential) local
conservation law of the source equation A = 0, if there locally exists a current
P 2 AP such that Q ¢A = DivP. One calls P the conservel current.

2.4.8 Corollary
The Lie algebraof distinguishedvector elds actson the vector spaceof generators
of local consenation laws.

PRrROOF. Q ¢A = DivP re-expressed in F® becomes Q ¢A = 0. The proof is
done by the Leibniz rule (2.21). O

By this one deduces easily

2.4.9 Corollary

The subspaceof all distinguished symmetriesvq of a sourceform A, where Q
is a generatorof a local consenation law of the sourceequation A = 0, is a Lie
ideal of the Lie algebraof distinguished symmetriesof A.

2.5 General Functional Tensors
2.5.1 Theorem (Leibniz rule)

“eld vq there existsoneand only oneoperator L, : Z !  Z satisfyingthe Leibniz
rule

in® FO, for all §; 2 X *.

9This is an identit y of functionals.
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PROOF.  The Leibniz rules (2.26) and (2.27) are easily seen to be equivalent
by (2.21). Due to (2.15) and (2.23) the Lie derivative L,,S = prvqS; + AiS,

where Aj :=  Dq or Aj := D§ depending on whether X 2 V! or X;* 2 F!, for
alli =1;::0ri 10 A = DQ or A, .= DQ depending on whether Xr 2 V1 or
X, = Fl.

|D(L Sl;::"Sr 2)Sr 1i ¢¢¢| D(Sl,l_ Sr_z)sr_l
= prvgo(D (Sl;:::'S 2)Sr—1) + AD(S1;::: S 2)S 1
i D(Sl;""Sr 2)PrVQS 1 D(Sl;:::'S 2)Ar 1S 1

i ¢ee

i D(Sq;i:5prvaSi—2)Si—1i D(Sa;ii  ArZ2Si22)Si2
1.17
(27 prvo(D)(S1;::15S5-2)S-1 +AD(S1;:::;S22)S -1

+D(prvoSs;iii;S-2)Si—1+ ¢¢+ D(Sy; i1 S 2)prvoSi—a
[ D(Sl;""Sr 2>prVQSr 1i D(Sl;ii"sr 2)Ar 1S 1

i D(Alsl, N Sr 2>Sr 1i ¢¢¢| D (Sl, N S,— 2)Ar 1S|— 1- (228)

Hence Ly, (D)(S1;:::;S-2)Sr—1 = (2.28). Again we observe the phenomenon,
that precisely the non-total derivative prvqSi of §; (i = 1;:::;rj 1) cancel out.
U

2.5.2 De nition (Lie deriv ativ e of general functional tensors)

Let Xq:::0: X, 2 Vi Flg, then the Lie derivative of a functional tensor D 2
X3- ¢e¢- X/ ;- X, ZHom(Xq;:::; X, _2; Hom(X,_1; X)) with respect to an
evolutionary Vector field vq is given by

i D(A]_S]_, M. Sr 2)Sr 11 ¢¢¢| D (S]_, i, Sr 2)Ar,1Sr,1; (229)

where Aj :=j Dq or A; := Dg depending on whether X; 2 \1or X; 2 FL, for all
i=1;:; ;7. One also says that the functional tensor D transformsin nlteSImaI ly
accordlng to the above rule.

2.5.3 Prop osition
The Lie derivative L : vq 7! Ly, onZ = X;- ¢¢¢- X, is a Lie algebra
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homomorphism,i.e.
Livo,vo, = [Lle; LVQZ]; (2.30)

turning Z into a module for the Lie algebraV?.

PROOF. This is a straightforward generalization of Proposition 2.6.2 and its
proof. O

2.6 Functional 2-Forms

2.6.1 Corollary (Lie deriv ativ e of functional 2-forms)

The Lie derivative of an operator K 2 F!- F!, i.e. an operator K : V1! F1
especially a functional 2-form K 2 F2, with respect to the ewlutionary vector
“eld vq is given by

Lv,K = prvq(K) + DgK + KDq: (2.31)

2.6.2 Prop osition
The Lie derivativeL :vq 7! Ly, On F'- F!isaLie algebrahomomorphismii.e.

Livg,ve,) = [Lvg, i bve, i (2.32)
turning F! - F!into a module for the Lie algebraV?.

PROOF. One reproduces the first proof of Proposition 2.4.4 using the non-
degeneate contraction

(Fr- Fhevt 1+ F!
(K;S) 7' KS;

and replacing (2.17) by (2.25), and (2.21) by (2.26). O

2.6.3 Corollary (Naturalit y of the adjoin t operation)
The Lie derivative commutes with taking adjoints, i.e. for all Q 2 V*

Ly (K*) = Lyy(K)™: (2.33)

In other words, * : F1- F!! F!- Flis a V!-Lie module automorphism. In
particular, the Lie derivative presenesself- and skew-adjoirtness.

Proor.  Formula (1.21). O
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2.7 Functional 2-Vectors

2.7.1 Corollary (Lie deriv ativ e of functional 2-vectors)

The Lie derivative of an operator S2 V! - V!, ie. anoperator S: F1 ! V3
especially a functional 2-vector S 2 V2, with respect to the ewlutionary vector
“eld vq is given by

Lv,S=prvo(S)i DqSi SDq: (2.34)

2.7.2 Prop osition
The Lie derivativelL :vq 7! Ly, On Vi- V!isaLie algebrahomomorphismii.e.

L[le;sz] = [Lle; LVQZ];

turning V! - V! into a module for the Lie algebraV?.

2.7.3 Corollary (Naturalit y of the adjoint operation)
The Lie derivative commutes with taking adjoints, i.e.

Lyo(S) =Ly, (9" (2.35)

V@

In other words, * : V1- V1! V!- V!isa V!-Lie module automorphism. In
particular, the Lie derivative presenesself- and skew-adjoirtness.

Proor.  Formula (1.21). O

2.8 Functional (1;1)-Tensors

The delicate point about (1;1)-tensors is the fact, that one can view them as
differential operators from V1! V! but also as differential operators from F*! !
Fl. Taking adjoints is a natural isomorphism. We denote the first space by
F!- V! and the second by V! - F1.

2.8.1 Corollary (Lie deriv ative on F1- V1)
The Lie derivative of an operator R 2 F!- V!, i.e. anoperator R : V1| V1
with respect to the ewlutionary vector “eld vq is given by'°

LVQR:prVQ(R)i DQR—l—RDQ: (236)

2.8.2 Remark (Lie deriv ative on V- F1)
If we view R as an operator R: F1 1 F! then (2.36) must be replaced by

Lv,R=prvq(R) +DgRi RDg: (2.37)

10Cf. Remark 4.3.1
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2.8.3 Prop osition
The Lie derivative L : vg 7! L
homomorphism,i.e.

vo ONF1- V! (resp. V! - F!) is a Lie algebra

L[VQ15VQ22] - [LVQ1; LVQz];

turning F1- V! (resp.V!- F1) into a module for the Lie algebra V2.

2.8.4 Corollary (Naturalit y of the adjoin t operation)
The Lie derivative comnutes with taking adjoints, i.e.

Luy(RY) = Lyy(R)™: (2.38)

In other words, *: V- F!! F!- V!isa V!-Lie module isomorphism.

Proor.  Formula (1.21). O



Chapter 3

Cartan Formulas and the Euler
Complex

3.1 The Interior Pro duct

3.1.1 De nition
For a generalized vector field v with characteristic Q 2 V! the interior product
% : FS! F51is defined by:

(i) YL :=0for all L 2 FO.
(i) LA :=A¢Q for all A2 FL.
(iii) K :=KQ for all K 2 F2.

One can thus restrict the definition to evolutionary vector fields.

3.1.2 Remark

This definition coincides up to a factor with the classical one for differential forms.
In order for it to be the exact generalization of the classical one, one needs to
alter the definition for every FS, s . 2. For example, for K 2 F? the altered
interior product is , K := 2K Q. We use the above definition for simplicity.

3.1.3 Lemma
For Ql; Q2 2 Vl

() o, Vo, + %o, N, =0
(i) Lo To,] = Tvo,va,l

PROOF. (i) is a direct consequence of the total skew-symmetry of functional
forms. (ii) follows from the Leibniz rule (2.26): [LVQl;T[,Qz]D = Ly, g,D i

(2.1) ] (2.16)
T[IQZLVQlD = ﬂ,QZLVQlD +TLVQ1VQ2D| T[,QZLVQlD = ﬁle;sz]D. [

39
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3.2 The Cartan Formulas

Our aim is to assume the validity of the Cartan formula for the functional spaces
FS, i.e. a formula of the form?

=21, + T % (3.1)
and recursively derive the morphlsms :FS 1 FS*! of the Euler complex
0! FOr* FL1" F21° 31 coe
This will be explicitly carried out for three steps, i.e. for +: FO!1 F! +:F!1 F?2
and +: F21 F3,

3.2.1 Remark (Lo cal exactness)

Cartan formulas are, among several other applications, used - in an integrated
form - to prove local exactnessof the underlying sequence. More precisely, for
the sequence

Fs11® po ot pst
the Cartan formula Ly, = £, + 1% can locally be integrated to a homotopy

formula?
id =+h + hx

Together with £++ = 0 it proves the local exactness of the sequence, i.e.
Im(FS~ ¥ FS) = Ker(FS 1" F**)
locally. For details see [Olv], Section 5.4, p. 354.

3.2.2 Theorem (Naturalit y of )
If there exists morphisms+: FS ! Fs*! for all® s | 0 satisfying the Cartan
formula (3.1), then the morphismsz are natural, i.e.

Lvo(#®) = [Lvgid :=Ly,ti tHy, =0: (3.2)

PRrROOF.  Using the simple fact, that the commutator [ ¢] is in each argument
a derivation, one verifies for Q;R 2 V*

L[VQ:VR] e [LVQ;L ]
- [ vQ1—T[/ ‘I‘ﬂ/R—]
= [ vQy—]T[/ ++[LvQyT[/ ] [LVQ;T[/ ]++T[/ [LVQ;i]
= *Wvowva + Wovmt+ [LvgiH Ty + Talvgi 4
(3.1

L[VQ;VR] + [LVQ;i] T[/R + T[/R[LVQ;i];

1Mk denotesthe interior product with respect to the vector “eld X: (T ! )(Xo;:::;Xk) =
I(X;X2;:::;Xk), for ak-form ! and vector "elds X;.

2In the context of the variational bicomplex, it is called the vertical homotopy formula.

3Actually, only the existencefor s 2 f0;:::;Ng for someN is needed.
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and hence [Ly,;#H %, + T,[lv,;4 = 0. Since the Cartan formula for F° is
just Ly, = %, ,% one deduces from the above calculations, that [Ly,;# = 0 for
+: F%! F! which gets the induction started. By the inductive hypothesis the
first term vanishes and therefore the second term must vanish too, giving the
inductive step. 0

3.2.3 Theorem (xx+=0)
If there exists morphisms+: F$ ! Fs*! for all* s | 0 satisfying the Cartan
formula (3.1), then

*x+=0 (3.3)
Proor. Forall Q2 V!
(3.2)
0 =" [Lv, ¥
3.1
L R T

= N t+ Tt =Y, 2t
= fot=i &=,
Starting the induction at F° the second term vanishes and hence the first too,

implying + = 0. By the inductive hypothesis the second term vanishes and hence
the first too, giving the inductive step. U

3.3 The Euler Operator

3.3.1 Theorem (Cartan Formula for F°)
There exists one and only one operator E : F° | F! satisfying the Cartan for-
mula® for F°, i.e.

Lv,L =E(L) ¢Q; (3.4)
for all functionals® L 2 F® and Q 2 V1.
PROOF.  First note that L, ,L = prvgl (119 D Q. Due to the integration by

parts formula (1.11) E(L) := Dj (1) is thus the unique functional 1-form satisfying
DLQ=E(L)¢Q 2 F°for all Q 2 V1. E(L) is merely D_ under the identification
of Corollary 1.2.17. The proof will be completed with Lemma 3.3.3. U

5In analogy to the Cartan formula Lx f = fx d = hd;Xi for a function f on a manifold,
where ¥ is the interior product with respect to the vector "eld X (cf. Section 3.2).

61f we view L asa Lagrangians i.e. a horizontal p-form, the Cartan formula then takesthe
form Ly ,L = Div(f,,L) + E(L) ¢Q, [Olv], Formula (5.135). If we againview L asa functional,
then the st term is zeroby de nition of F°. | do not want to dwell on the de nition of oL
for Lagrangians here.
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3.3.2 De nition (Euler operator)
For a Lagrangian L 2 A the operator E=#*: A ! F! defined by

E(L) :=D; (1) (3.5)

is called the EULER operator. The equation E(L) = 0 is called the EULER-
LAGRANGE equation.

The following lemma shows that the Euler operator E : A ! F! factors over
FO := A=Div(AP), i.e. it can be viewed as an operator

E:F°1 F1;
which completes the existence part of the proof of the above theorem.
3.3.3 Lemma
The Euler operator E: A'! F?! vanisheson divergencesi.e.
E(DivAP) = 0: (3.6)
Proor. For P 2 AP

E(DivP) = Dpyp(l)
= Dppil)
@29 (orv.(Di)P' + DiDpi)*(1)

O

3.3.4 Corollary
The Cartan formula guararteesthe local exactnesof the sequence ! F° 5 F1,
i.e. Ker(E) =f0g - F°locally, or equivalertly the local exactnesf the sequence

AP PY FO1F F1 e Ker(E) = Div(AP) locally. SeeRemark 3.2.1for details.

3.3.5 Remark
Combining (1.13) and (3.4) we obtain

DLQ = E(L) ¢Q;

which, as an identity of functionals, simply asserts that the Fréchet operator
D:A! Hom(V}A) viewed’ as an operator D : FO ! Hom(V?; F?) is precisely
the Euler operator E: FO! F1,

"This re°ects the fact, that the vertical derivative in the variational bicomplex inducesthe
morphisms of the Euler complex.
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3.3.6 Remark (Euler operator)
For L 2 A the Euler operator is given by

where (j D); := (j 1)PID;. The components Eg(L) are called the variational
derivative$ and often denoted by 2

e

3.3.7 Example

Let X be a single independent variable and (U;V) the dependent variables. For
L =i zuZ + gu® + 3V one computes E(L) = (5U? + 2Ux;V). (See Example
4.3.14).

3.3.8 Example
The Euler-Lagrange expression of the Lagrangian L = /1 4 uz + uZ is, up to a
sign, the mean curvature

(14 Uf)Ux i 2UxUyUyy + (14 UZ)uyy

JITuZ+uZ’

E(L)=iH=i

3.3.9 Example
The Camassa-Holm equation

Ut i Uxx =i 3UUx + 2UxUxx + Ullxx (3.7)

is not an Euler-Lagrange equation, cf. Example 3.4.5. If one replaces U by vy the
resulting, so called derived® potential Camassa-Holm equation

Vix i Viox =i 3VxVix + 2Vix Vixx + Vx Viooxx (3.8)

becomes Fuler-Lagrange with Lagrangian

L = VW Ve i 1VV2 i 1VV i 1V Vyx -
—xxxlzxxxlzththxx-
3.3.10 Example
In all modern gauge field theories the field equations are Euler-Lagrange equa-
tions, i.e.

E(L) =0;

for a specific, physically motivated Lagrangian L. As a popular example we
can view the 4 space-time coordinates (X') as independent variables, and the

8In the languageof the variational bicomplex: (L°) = Eg(L)*u®”©° 2 Fl for L° 2 FO~
- PO0=p(- Pi 10y gnd© = dx1~ ::: A dxP.

°It is the x-derivative of the potential Camassa-Holmequation Vi j Vi = i V2 + SvZ +
Vy Vixx - See[Olv], Exercise5.46 & 5.11.



44 CHAPTER 3. CARTAN FORMULAS AND THE EULER COMPLEX

10 independent components of the Lorentzian metric tensor (go ) as dependent
variables. The variational derivatives of the Hilbert-Einstein Lagrangian L =
R+/jgj, where R is the scalar curvature expressed in g° and its derivatives, and
g = det(gw ), coincide up to a factor with the components of the Einstein field

tensor G = (G* ):
H o
ge | V19

where G* = R” | 20° R and (R ) is the Ricci curvature tensor. Thus the
Einstein vacuum field equations G* = 0 arise from a variational principle ([Ste],
p. 92). This was first discovered by Hilbert, even before Einstein published his
field equations. The other famous example is the Maxwell equations, or more
generally, the Yang-Mills equations.

We now prove the following important property of the Euler operator using
the second key lemma.

3.3.11 Lemma
The operator Dg() is self-adjoirt1°:

De(y = Deqy: (3.9)
Proor.  Using the simple fact that D; = 0 we obtain

(3.5)
Dey = Doy

“29 orv.(D7)1+ D! Dy

“2) (prv.(D;)1+ D;Dy)*

(1.18) . .
= E(L)"

3.3.12 Lemma ([Olv], Formula (5.34))
For L; P 2 A" the following product formula for the Fr§det derivative holds:

whereL ¢P := )" LePe.
PROOF.  The proof follows from the standard product formula. O

3.3.13 Lemma ([Olv], Formula (5.80))
For the Euler operator the following product formula holds:

E(L¢P)=D;P + DpL; (3.11)
forallL; P 2 A'".

10The proof given hereis in the spirit of [Olv], Sec.5.3, becausét avoidsthe useof di®ereriial
forms, the tool of the proof in [Olv], Sec.5.4.
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PROOF.

ELer) 2 Do)

G20 (LDp + PDL)*(1)
1

— (DL +D{P)(1)

= DiL +D;P:
0
3.3.14 Prop osition (Naturalit y of E)
For a functional L 2 F° the following two statemeris are equivalert:
(i) E(L) transformsin nitesimally asa sourceform.
(i) The Lie derivative comnutes with E, i.e. for all Q 2 V?
LvoE(L) =E(Ly,L): (3.12)

PROOF. This is a special case of Theorem 3.2.2. The proof of the theorem
merely used the Leibniz principle and the Cartan formula. Nevertheless a direct
proof is given to demonstrate the calculus developed in Chapter 1. Both directions
follow from the following equalities. For an arbitrary Q 2 V1

ELu,l) % E(EL) 0Q)
“2Y Dy Q+DHE(L)
% DeyQ+ DHE(L)
“2Y prvgE(L) 4+ DLE(L);
which by (2.23) completes the proof. O

3.4 The Helmholtz Operator

3.4.1 Theorem (Cartan formula for F1)
There existsoneand only oneoperator H : F1 | F? satisfyingthe Cartan formula
for F1, i.e.

Ly, A = E(A¢Q) + He (Q); (3.13)

for A2 Ftand Q 2 V.
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PROOF.
Lo,Ai E(AcQ) 2 prygA4+DyAT DA D;Q
P 0§ D;)(Q):
Hence H¢ (Q) = (D¢ i D )(Q). Clearly He 2 F2. O

Note D¢ : V!! F?! and hence also D : V*! F1

3.4.2 De nition (Helmholtz operator)
For A 2 F! the operator H = +: F! ! F? defined by

is called the HELMHOLTZ operator!?.

3.4.3 Lemma
The Helmholtz operator satis es

HE(L) =0; (315)
for all L 2 F°.
PROOF. This is a special case of Theorem 3.2.3. Another, direct proof is
provided by Formula (3.9). O

3.4.4 Prop osition (Naturalit y of H)
For a sourceform A 2 F! the following two statemerts are equivalert:

() H¢ transformsin nitesimally asa functional 2-form.

(i) The Lie derivative comnutes with H, i.e. for all Q 2 V?

LVQH(]: = HLVQ¢: (316)

Proor.  This is a special case of Theorem 3.2.2. Again another, direct proof

is given. Both directions follow from the following equalities. For an arbitrary
Q2w

(3.14),(2.23) A
HLVQ¢ == Dper¢+ D22¢ | Dper¢+ D22¢
1.24),(1.18 % *
(1.24)(1.18) prvq(De ) + D¢ Do + prv.(Dg)A + DgDe

1n order for the Helmholtz operator to be the exact generalization of the exterior derivative
d:-YM)! -2(M), onemust alter the de nition: H¢ := %(D¢ i Dg). The reasonthat we
did not obtain the factor % liesin the de nition of interior product. Cf. Remark 3.1.2
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i prvo(De )" i Dg o i (prv.(Dg)A)*i D¢ Do

1.21 . . - C O
(:) prVQ(D¢ i D¢>+DQ(D¢ i D¢>+(D¢ i D¢>DQ
+SprV.(D6)A i (prV.(DB)A)*)J
(123),
G brvo(He ) + DgHe + He Do;
which by (2.31) completes the proof. O

3.4.5 Example

The Camassa-Holm equation (3.7) is not variational, i.e. not of the form E(L).
This is shown by verifying He 6 0 for A = Uy j Ugmx + 3UUyx j 2UyxUxx | Ulyxy -
Indeed,

He = (i 2Dixx i 2UDyxx i 3UxDyx + 2Dt + (6U | 3Uxx )Dy + (3Ux | Uxxx )) & O:

In contrast, equation (3.8) is variational. Indeed He = 0 for A = Vix | Voo +
3VXVXX | 2VXX VXXX | VXVXXXX .

3.4.6 Corollary (No ether theorem)

Let A be an Euler-Lagrangeform, i.e. A = E(L) for someLagrangianL. Then
Vg is a distinguished symmetry of A, if and only if Q is a characteristic of a
local consenation law'?, i.e. there exists locally a current P 2 AP, sud that
E(L) ¢Q = DivP.

ProoF.  For A = E(L) we have Hgyy = 0 by Lemma 3.4.3. So the Cartan
formula (3.13) implies that L,E(L) = 0 is equivalent to E(E(L) ¢Q) = 0, which
is by Corollary 3.3.4 equivalent to the local existence of a current P, such that
E(L) ¢Q = DivP.

O

3.4.7 Example
The following vector fields are Bessel-Hagen symmetries of the derived potential
Camassa-Holm equation (3.8), interpreted as a source equation:

(1) Vir=F (6 2Vei 2Vix i VB i 2VxVx + 3V2)@.
(il) V2 :=v@.
(iii) vz :=vw@
(iv)

Vg = (i 2 xxVx 4 Vi i VeV + VixVx | 2V3 % Vxxx + )@

(V) Vs i= (2V3Viux +3V2+3VZ i 3VeVE i 6ViVi +IVEVE] 6ViVyVix +2Vit | 2Ve) @.

12¢Cf. Corollary 2.4.9.
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For the special case Vg = F (t)@ the conserved current is Pg = (0; 3F (t)(2v;
Wik i V2, i 2VxVixx +3V2)). Similarly for Vo = G(t)(2Vi 2Vixx i V3, i 2VxVixx +
3v2)@ one obtains P7 = (0; 2(2Vi i 2V i V3 i 2VxVix + 3V2)?), and for V3 one
obtains P3 = ( %Vf + %fo Vi (V21 VeVaxx i Vixx )). The expressions for P4 and Ps
are too long to be reproduced.

3.5 The Takens Op erator

As a preparation for the next operator we prove the following formula, which
generalizes Formula (1.23).

3.5.1 Lemma
The following identit y holds for a generalK : V1! F!

(prv.(K)Q)'R = (prv.(K)R)"Q: (3.17)
PROOF.  For an arbitrary characteristic S
E(S ¢((prv.(K)Q)"'Ri (prv.(K")R)"Q))
= E(prvs(K)QC¢R prvs(K*)R ¢Q)
= E(prvs(K)QE¢R | R ¢prvs(K)Q)
= O
O

3.5.2 Theorem (Cartan form ula for F?)
There existsoneand only oneoperator T : F2!  F3 satisfyingthe Cartan formula
for F2, i.e.

LvoK =Hko + Tk (Q); (3.18)
for all K 2 FZ and Q 2 V1.

PRrROOF.
LvQKi HKQ (2.31),:(3.14) prVQ(K)—i—D’éK—i—KDQ
i DKQ+DT<Q
“29 prvg(K) + DEK + KDg
i prv.(K)Qji KDq + (prv.(K)Q)* + DK™

K prvg(K) i prv (K)Q+ (prv.(K)Q)*

Hence Tk (Q) = prvo(K) i prv.(K)Q + (prv.(K)Q)*. That Tk (Q) is skew-
adjoint follows immediately from K* = j K and that Tk (Q)R =i Tk (R)Q one
uses (3.17). Hence Ty 2 F3. O
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3.5.3 De nition (T akens operator)
For K 2 F? and S 2 V? the operator T = +: F2! F3 defined by

Tk (S) :=prvs(K)i prv.(K)S+ (prv.(K)S)*
is called the TAKENS'® operator.

3.5.4 Lemma
The Takensoperator satis es

for all A 2 FL.

49

(3.19)

(3.20)

PROOF.  Again, this is a special case of Theorem 3.2.3. The following equalities

provide another, direct proof. For all S 2 V?!

The (S) = prvs(De i Dt)

i prv.(D¢ i D;)S+ (prv.(D¢ i D;)S)*

= prvs(De )i prvs(Dg)
| prv.(De)S + prv (D )S
+(prv.(De )S)" i (prv.(Dg)S)"
= (prvs(D¢ )i prv.(D¢)S)
i (prvs(Dg)i (prv.(De)S)")
+(prv.(Dg )Si (prv.(Dg)S)")

(1.22),(1.21),(1.23) 0:

3.5.5 Prop osition (Naturalit y of T)

For a functional 2-form K 2 F? the following two statemerts are equivalent:

(i) Tk transformsin nitesimally asa functional 3-form.
(i) The Lie derivative comnutes with T, i.e. for all Q 2 V*

L TK :TLVQK:

VaQ

(3.21)

13In [Tak], a work generalizingNoether's theorem (Corollary 3.4.6), Formula (3.20) T, = 0
is implicitly used. Seealso [AP], Proposition 3.1 and the discussionfollowing Proposition 3.3.

This is why | call T the TAKENS operator.
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PrROOF.  Again, this is a special case of Theorem 3.2.2. O

We thus succeeded to explicitly construct the first three morphisms of the
celebrated Euler sequence

0! FOIf FUIT 21T RR L oo
In the following two examples we make use of the local exactness of the Euler
complex at F2,

3.5.6 Example
For a given H 2 F2,

- 2v2yDy + 2vyVy 2U, VY _
i 2uxvy 2XDyxy +2Dyy )’

we want to decide whether there exists a A 2 F! with H = Hg . We verify for an

arbitrary T 2 V1
00\
= (7 o)

and indeed H = Hg for A = (UyxV2Y; XVyxy ).

3.5.7 Example
Modifying the above example slightly and asking the same question for K 2 F?

B 0 Uy V
K_H+(iuXV O)

we obtain the negative answer

(i 2vTVDy i WTYi VT VTUYDy +2vT + v, T )
T (T) = ( VTUDy j VT 0 &0,

where TP := D, T®.

3.5.8 Remark

The vanishing of the Takens operator applied to a functional 2-form precisely
states its closedness. Thus the Takens operator enables us to formulate an ana-
logue of the symplectic condition. For this we have to enlarge our functional
spaces to include total integro-differential operators. Still all the formulas con-
cerning the Euler complex remain valid. The linearity of the symplectic condition
is its major advantage compared with the nonlinear Hamiltonian condition (4.7).
This will be investigated in a later work.



Chapter 4

Hamiltonian Systems

4.1 Nijenh uis-Schouten Brac ket

4.1.1 De nition (Nijenh uis-Schouten bracket)
For D;E 2 V? the Nijenhuis-Schoutenbracket [D;E] : F1£ F1 £ F1 1 FO0 s
defined as follows:

[D, E](Al, AVH Ag) = Lpe¢ 1A2 CEA; + LE¢ 1A2 ¢D A3+ (cycle); (41)

where the word (cycle) means summation over all cyclic permutations of the
indices 1;2;3. D and E are viewed as differential operators from F! into V2.

This definition is a generalization of the classical Nijenhuis-Schouten bracket
from differential geometry, which is one of its advantages. It appears in [GDo2],
Formula (3.3). Nevertheless there are two major drawlacksof this definition. The
first one is that the right hand side is a functional, thus it has no normal form.
This means that checking the vanishing of the bracket or extracting conditions
for its vanishing is not a direct procedure. The second one is that one needs
more than total differentials of the Aj’s, meaning that we cannot compute with
general A;’s, complicating the check of vanishing of the bracket. Besides, from
this definition we do not see that the bracket of two 2-vectors is a (3;0)-tensor,
evena 3-vector. In the following we want to make use of the freedom of adding
divergences to circumvent these drawbacks. The following formula cures both
drawbacks.

4.1.2 Prop osition (Nijenh uis-Schouten bracket)
The following bracket [¢¢ : VZ£ V2 | V3 is an equivalert de nition of the
Nijenhuis-Sdiouten bracket

[D;E|(A) = prvpe(E)i prvp.(E)A+ (prvp.(E)A)" +
prvee (D) prve.(D)A + (prve.(D)A)%; (4.2)

with A 2 F! arbitrary.

o1
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PROOF. For arbitrary Aq; Ay Az 2 F!

E([D E](A1; Az; Ag))
= E(LD¢ 1A2 ¢EA3) + E(L E¢ 1A2 ¢D A3) (CYCle)

@2 E(prvipe Ay 6EAZ) + E(A, Cprvee ,(DAL)) +
E(prvee, Az ¢DA3) + E(A; Cprvpe ,(EAL)) +
(cycle)

“20 E(prvipe A 6EAR) + E(As Cprvee ,(D)A1) + E(As €D prvee ;A +
E(prvee, Az ¢DA3) + E(Az Cprvpe ,(E)A1) + E(Az ¢Eprvpe ;A1) +
(cycle)

=  E(prvpe,Ay CEA3) + E(A, Cprvee ,(D)A1) i E(DA; Cprvee ,Ar) +
E(prvee, A2 ¢DA3) + E(Az Cprvpe,(E)A1) i E(EAz Cprvpe, A1) +
(cycle)

= E(prvpe,Ay CEA3) + E(A, Cprvee ,(D)A1) i E(prvee A1 ¢DAL) +
E(prvee, A2 6D A3) + E(Az Cprvpe,(E)A1) i E(prvpe ;A1 CEA) +
(cycle)

(cycle)

E(A3 ¢prvpe,(E)As + Ay Cprvpe,(E)Asz + Ay Cprvpe ,(E)A
+A3 Cprvee, (D)A; + Ap Cprvee ,(D)As + Ay Cprvee ., (D)A;

= E(AszCprvpe,(E)Azji prvpe,(E)A; €Az + (prvp.(E)A1)"A, CA
+A3Cprvee,(D)Asj prvee,(D)A; €Az + (prve.(D)A1)* A, ¢A3)
= E(As3¢(prvpe,(E)i prvp.(E)A1+ (prvp.(E)Ap)*

+prVee,(D)i prve.(D)A; + (prve.(D)A1)")Az);

proving the desired formula for A = Aj;. The skew-adjointness of [D; E](A)
(

follows immediately from the skew-adjointness of D and E. For [D;EJ(A)

i [D;EJ(X)A one further needs to notice that prvp.(E)A = (prv.(E)A)D and
(3.17) for functional bi-vectors, i.e. skew-adjoint operators K : F1 1 V2, O
4.1.3 Remark

The above definition is part of the general definition of the Nijenhuis-Schouten
bracket
[a;(q . VI’ VS | VI’+ S—l.

which turns @gc, V® into a Lie superalgebra (V° := F°), with deg(VS) =sj 1.
For L;P 2 F°, Q 2 V! and S 2 VS arbitrary, one defines® [L; P] = [P;L] :=
0, [Q;L] = i [L; Q] == Ly,L = E(L)¢Q = E)Q, [SL] = (i V°’L;F =
EuSand [Q;§ =i [S Q] := Ly,S Thus the Nijenhuis-Schouten bracket is a
generalization of the Lie derivative for functional multi-vectors.

1For § 2 F! the interior product f : VS ! VSi 1isdened completely analoguesto the dual
one (cf. De nition 3.1.1).
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4.1.4 Remark
The right hand side of the formula

= Ag ¢prVD¢ 1(E)A2 + Al ¢prVD¢ Z(E)Ag + Az ¢prVD¢ 3(E)A1
+Az Cprvege l(D)Az + A CprVee ) (D)Ag + A, Cprvege 3 (D)Al,
which is part of the proof, appears as Formula (7.30) in [Olv]. This formula is
an identity of functionals. This definition still has the first drawback, that trivial
functionals do not in general vanish identically, but only up to local divergence.
The second drawback is eliminated and one can see the (3;0)-tensoriality of the

expression. That this expression is in fact a 3-vector is, due to the first drawback,
not completely easy to see.

4.1.5 De nition (P oisson bracket)
Let D be a functional (2;0)-tensor. The Poissonbracketof two functionals L; P
is defined by

fL; Pg=E(L)¢DE(P); (4.4)

which is again a functional.

4.2 Hamiltonian Structure

4.2.1 De nition (Hamiltonian  structure)
A functional (2;0)-tensor D is called Hamiltonian if its Poisson bracket (4.4) is
skew-symmetric

fL, Pg=if P;Lg; (4.5)
and satisfies the Jacobi identity
ff L; Pg;Rg+ff P;Rg;Lg+ff R;Lg;Pg=0; (4.6)
for all functionals L; P; R. These are identities of functionals.

4.2.2 Prop osition
A functional (2; 0)-tensorD is Hamiltonian, if and only if D is a 2-vector satisfying

D;D] =0: (4.7)

PROOF. First we note that if we replace E by D in the right hand side of
(4.3), then, up to a factor, we obtain (7:11) in [Olv]. The rest is done by [Olv]
Propositions 7.3, 7.4. [
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4.2.3 De nition (Hamiltonian equations)

Let K 2 V! and u; = K be a system of evolution? equations. We say that the
evolution equation is Hamiltonian, if there exists a Hamiltonian structure D and
a functional H, such that

K = DE(H): (4.8)

Formula (2.34), prescribing the Lie derivative on functional 2-vectors, gives
the following structural interpretation of the powerful Lemma 7.26 in [Olv].

4.2.4 Theorem (Criterion for Hamiltonian structures)
Let uy = K = DE(H) be a Hamiltonian systemof evolution equations. Then D
is invariant under the flow of vk, i.e.

Ly,D=0: (4.9)
Ly, is the Lie derivative of functional 2-vectors.
Proor. K =DA with A=E(H):

(2.34)

Lv.,D =" prvk(D)i DkDj DDy
“29  brvpe (D) (prv.(D)A +DD¢)D i D(prv.(D)A + DDg )*
P=" prvpe(D)i (prv.(D)A)D +D*(prv.(D)A)"
i DD¢D 4+ DD; D

' prvoe(D)i (prv.(D)A)D + ((prv.(D)A)D)’

= ,DiDja)

@ 0:

O
4.2.5 Remark

The usefulness of this theorem lies in the fact, that we can use it as a criterion
to determine all Hamiltonian structures, up to a given order, of a given system
of evolution equations. This is done for the KdV and the Boussinesq equation.

4.3 Recursion Op erators

For what follows let us denote
RVQ ‘= VRQ;

and speak about the action of functional (1;1)-tensors on evolutionary vector
fields.
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4.3.1 Remark
By the above convention, the Leibniz rule (2.26) coincides with [Olv], Formula
(5.41):

VeiRVQ] = Ly, (RVg + RIve;Val;

which he uses to define the Lie derivative® for functional (1;1)-tensors. In this
thesis the general Leibniz rule (2.1) is declared to be the major property defining
the Lie derivate. This enabled us to recursively determine the Lie derivative for
all functional tensor spaces.

4.3.2 De nition (Recursion operator)
For a system of evolution equations, an operator R : V11 V! is called recursion
operator if it maps evolutionary symmetries to evolutionary symmetries.

4.3.3 Corollary (Criterion for recursion operators)
Let P 2 V! and u; = P an ewlution equation. If the functional (1;1)-tensor R
is invariant under the °ow of vp, i.e.

Lv,(R)=0; (4.10)
then R is a recursionoperator of the ewlution equation.

Proor. If Q is a characteristic of a symmetry then by Lemma 2.3.12 L, ,Q =
0. Using (4.10) and (2.26) we deduce L, ,(RQ) = 0. Again by the Lemma 2.3.12
RQ is a characteristic of a symmetry. U

4.3.4 Lemma
For a functional (2;0)-tensor* E : F* I V! and a functional (0;2)-tensof H :
Vi1 F1, the following two statemerts are equivalent:

(i) E¢H : v V! transforms as a functional (1;1)-tensor, i.e. accordingto
(2.36.
(i) Ly, satis esthe Leibniz rule
Lyo(ECH) =L, ,EC¢H +E¢L, H: (4.11)
Proor.  The proof is done by the following equalities:
Ly, (E) ¢H +E¢(Ly H)
EHULZ - (orvo(E) | DoEi EDR) ¢H + E ¢(prvg(H) 4+ D5H + H Do)
prvg(E¢H) + (E¢H)Dg i Dgo(ECH);

(1.19)

which by (2.36) completes the proof. O

3[OlIv] denotesthe Lie derivative L ,(R) by vp [[R]].
4Specially a functional 2-vector.
5Specially a functional 2-form.
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4.3.5 Remark
For H ¢E: F!! F! (2.36) must be replaced by (2.37) in the previous lemma.

4.3.6 Lemma

If D (resp.K) is nondegeneratdunctional (2; 0)-tensor (resp. (0; 2)-tensor) then
D! (resp. K~1) transforms innitesimally as a functional (0;2)-tensor (resp.
(2;0)-tensor). Taking inversepresenesself- and skew-adjoirtness.

PrOOF.  From 02" L, (Id) =Ly, (D1 =L, DdD1+Da, (DY

we deduce that

L,,O*) = iD',,MD)D*

(2.34) _ " _

=" i D}(prvo(D)i DD i DDg)D™*
= i D 'prvg(D)D*+D 'Dg +D5D
= prvg(D ')+ D 'Dq + DD

vVQ

which by (2.31) completes the proof. The rest is proved in a similar fashion. [

4.3.7 Corollary (Construction of recursion operators)
Let P 2 V! and u; = P an ewlution equation.

(i) If Eis an invariant functional (2;0)-tensor (i.e. L, .E = 0) and K an in-
variant functional (0;2)-tensor (L, K = 0), then R := E ¢K is a recursion
operator of uy = P.

(i) If D;E areinvariant functional (2;0)-tensors(i.e. L,,.D =L, _.E=0) and
D nondegeneratethen R := E ¢D ! is a recursionoperator of u, = P.

PrOOF.  The proof is done by the above lemmas and (4.10). O

4.3.8 Corollary
Let uy = P = EE(Ho) = DE(H;) be a systemwith two Hamiltonian structures.
If D is nondegeneratethen

R:=E¢D? (4.12)

IS a recursionoperator.
Proor.  This follows from Theorem 4.2.4 and the previous corollary. O

4.3.9 Corollary

Let u;, = P be an ewlution equation. If D 2 V*- V! (resp.D 2 F!- F?)
is invariant under the °ow of vp, then the self-adjoirt part (D + D*) and the
skew-adjoirt part (D j D*) areinvariant under the °ow of vp.

Proor.  This follows from Formula (2.35) (resp. (2.33)). O
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4.3.10 Corollary

Let u, = P bean ewlution equation. If R is arecursionoperatorandD 2 V- V2
is invariant under the °ow of vp, then RD 2 V! - V! is againinvariant under
the °ow of vp. The statemen remainsvalid, if V! is replacedby F! and RD by
R*D.

Proor.  This follows from a Leibniz rule analogues to (4.11). O

4.3.11 De nition (Bi-Hamiltonian  structure)
Let uy = EE(Ho) = DE(H3) be a system with two Hamiltonian structures. The
system is called bi-Hamiltonian, if the two structures are compatible, i.e. if

D;E] =0:

4.3.12 Remark

Bi-Hamiltonian systems with a nondegenerate D possess a recursion operator
R = E ¢D ! generating an infinite family of Hamiltonian symmetrie€, which by
the Hamiltonian version of Noether’s theorem gives rise to an infinite family of

conservation laws. This is typical for an integrable system. Further details are
found in [Olv], Chapter 7.

As mentioned in the introduction, we are now able to explicitly compute
Hamiltonian structures and recursion operators of nonlinear completely integrable
differential equations. We carry this out for both the KdV and the Boussinesq
equation. Because we cannot parametrise the nonlinear space of Hamiltonian
2-vectors, we instead compute the space of functional (2;0)-tensors, invariant
under the flow, and then determine the Hamiltonian 2-vectors among them. The
invariance condition of Theorem 4.2.4 produces a large system of linear PDEs

which was generated using the package jets and solved with the aid of computer.
(See Appendix A)

4.3.13 Example (Kortew eg-de Vries equation)
The KdV equation
Ut = Uxxx + UUx

has a bi-Hamiltonian structure given by

D =D, : H1:%u3i Tu;
E - DXXX + %UDX + %UX ; HO — iuz:

TakeaK 2 V- VI withK =375 K7Dy, where K¥ = K7 (x;u),jlj - 6. The
invariant subspace coincides with the subspace generated by the two Hamiltonian
structures D and E.

This is due to the compatibility of the two structures. Cf. [Olv], Theorem 7.24. Since no
useis made of the compatibilit y here,we do not dwell on this point here. Seealsothe discussion
following Theorem 7.27.
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4.3.14 Example (Boussinesq equation)
The Boussinesq equation

U = Vg
1 8
Vi = guxxx + §qu

has a bi-Hamiltonian structure given by

(0 Dy,
>~ (0. )

Hy =i tu2 + gu+ 3v3

E— D3+ 2uDy + uy 3vDy + 2vy .
- 3vDy + Vi D2+ 3(UDZ+ D2 ¢u) i (uxx Dx + Dy Gux) + 22uDy ¢u )’

Ho = 3v:

Take a K 2 V1= VEwith K = (35,10 K® ?Dy), where K& = K® ¥ (x; uj;v),
jlj - 6and ® = 1;2. Again the invariant subspace coincides with the subspace
generated by the two Hamiltonian structures D and E. (See Appendix A)

The striking fact, that the above invariant subspaces are so small, and that
they are contained in the skew-symmetric subspace is a new nonclassic phe-
nomenon and worth studying. To illustrate the strangeness of the above results,
let us take an ordinary vector field X on a manifold M with dimM > 1. Away
from singularities X can be straightened, i.e. there exists a coordinate system
(x1;:::;%P), such that X = @7@1 Any locally defined differential geometric object

under the flow of X . In particular, locally, the subspace of tensor fields of a given
type, invariant under the flow of X is always infinite dimensional.



Appendix A

The Boussinesq Equation

The following pages include a MAPLE worksheet demonstrating how the pack-
age Jets is used to find, up to a given order, all Hamiltonian structures of the
Boussinesq equation (cf. Example 4.3.14).

29


http://wwwb.math.rwth-aachen.de/barakat/jets

[ > restart;

[ > with(Desolv):

[ > with(jets):

> ivar:=[t,x]; Ivar:=[x]; dvar:=[u,V]; var:=op(alljets(6,lvar,dvar));
ivar :=[t, x]
Ivar :=[x]
dvar:=[u, V]

var:=x,u,v,u ,v ,u_ ,v__,u v ,u v ,u Y ,u v
XX KX X XXX X XX X X X X XX XK X, XX X XK X XX X X, X, XX X, X X, X, XX X, X, X, X, X

(> el:=a->Euler(a,lvar,dvar);
hm:=a->homotopy(a,lvar,dvar)[1];
hh:=a->Helmholtz(a,lvar,dvar);
vh:=a->vhomotopy(a,lvar,dvar);
bp:=a->intnorm(a,lvar,dvar);
hc:=b->a->hamchar(a,b,lvar,dvar);
dop:=a->diffop(a,lvar,dvar);

el:=a® Euler(a, Ivar, dvar)
hm:=a® homotopy(a, Ivar, dvar)1

hh :=a® Helmholtz(a, Ivar, dvar)
vh:=a® vhomotopy(a, Ivar, dvar)
bp:=a® intnorm(a, Ivar, dvar)
hc:=b® a® hamchar(a, b, Ivar, dvar)
| dop:=a® diffop(a, Ivar, dvar)
| The Boussinesq system of evolution equations:

09
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> Eq::[u[t]:v[x],v[t]:1/3*u[x,x,x]+8/3*u*u[x]]'
Eq:= éu -vx Vt_iux %, X+2qu§

[The left hand side is a characteristic in the spatial variables only:
(> P:=[v[x],1/3*u[x,x,x]+8/3*u*u[x]];

P:= gv } +8uuH
L ex 3 XXX 3 XU
| Check if P is a divergence:
> map(el,P);
L [[0,0],[0,0]]
| P is the divergence of:
> map(hm,P): EL:=[%][2],%[1]];
EL ::gﬂu2+}u ,vg
L €3 3 XX u
| Is EL an Euler-Lagrange equation:
> hh(EL);
0 Oy
g o

. This is the Hamiltonian functional of the first Hamiltonian structure:
(> vh(EL): H1:=bp(%);

: Compute the Lagrangian, and reduce its order through an integration by parts.

19



Define a general functional bi-vector BB of order 10 and jet order 6:
> BB: =nkmat (map(a- >map(b->map(c->[cat(Q a, b, op(c))(var), c], map(syncth,
[ $0..10],lvar)), dvar), dvar)):

Compute the infinitesimal invariance condition L, (BB) = 0:
P

|
[> | snp: =l ddop20( P, BB, i var, dvar):
[> el em =s->map(a->a[ 1], map(b->op(b), map(c->op(c),nklist(s)))):
| Extract the differential conditions by equating the components to zero:
[> cnd: =getcond(el en(l snp), el em(BB), | var, dvar) :
| Solve the PDE system:
[> jsolve(cnd): res:=subs(cnd[4],% :
> subs01(res[ 3], copy(BB),res[4]):

snmp: =map( a- >map(gcol l ect,a,ivar), 9% ;

é
& 0 [[L[x]]]V
— 6

Smp: ggmxm o

g3 [xx x]]. [6u. [x]]. [3u . [ 1]] [[9v. [x]]. [6 Vv, [ 11]
&

ot ) o o i
[ v

[[9v, [x]11, [3vX,[ 111 [[1,[x % X% X%, x]],[10u, [x, X, x]], [15ux, [x,x]1, [9uxyx+16u2, [x]11,[2 ux, x,x+16u ux,[ 111

| Normalize the output by hand:

> snmp = [nkmat ([[O, [[1, [x]]]], [[[1, [x]]], Ol]),
map(a->nmul con(2,a,ivar),nmkmat ([[[[1/2, [x, X, X]], [u, [X]],
[1/2*u[x], [I1], [[3/2*v, [x]], [vIx], [111], [[[3/2*v, [x]],

4"
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[1/2*v[x], []11], [[1/6, [x, X, X, X, X]], [5/3*u, [x, X, X]],
[5/2*u[x], [x, x]], [3/2*u[x, x]+8/3*u”2, [Xx]],
[1/3*u[x, x, x] +8/ 3*u*u[x], []]1]1]11))];

é
€. N
._§6 0 [[1, [x]]1u
™o o 8
e
g[l.[X.X.X]].[Zu.[X]].[ux.[ 111 [[3v,[X]],[2VX.[ 111 HH
e uu
& 661 U 610 0 é 16 o 062 16 Qo
I g [[3v,[x]],[vX,[]]] ggé,[x,x,x,x,x]ﬁggu,[x,x,x]g[5uX,[x,x]],83uX'X+3u ’[X]Egéux,x,x+3uux’[]gﬁmjﬁ
| The skew adjoint operator for the first Hamiltonian structure:
> DD =snp[ 1] ;
& 0 [[L [x]]1y
, LB T
| The Jacobi identity:
> chkjac(DD,ivar, dvar);
L 0
| Or equivalently:
> nsbra3(DD, DD, i var, dvar) ;
50 Oy
, 8 o
| Theinfinitesimal invariance condition:
(> | ddop20( P, DD, i var, dvar) ;
50 Oy
8 of

€9



| Here is the first Hamiltonian structure of the Boussinesq equation:
> hc(DD)(H1); %-P

1 8 u

= +—uu i

3 X X, X 3 Xu

[0, 0]

m?m

> hfl:=a->hamflow(a,H1,DD,ivar,dvar);
hfl:=a® hamflow(a, H1, DD, ivar, dvar)
[Thls is the second Hamiltonian functional:

> HO0:=1/2*v;
1
HO:=—-v
L 2
| The skew adjoint operator for the second Hamiltonian structure:
(> EE:=smp[2];
EE :=
gL [xx x]], [2u, [x]], [u,. [ 11] [[3v. [x]].[2v,. [ 111
= 2 N, N p
(3w IaLIv, 1] 8 D850 DB [5u, Do Bu, + 2o Dl o
i ' X g3 T T ués T X'ETTTTET X, X e3XXX
| Check the Jacobi identity:
> chkjac(EE,ivar,dvar);
L 0
| Or equivalently:
> nsbra3(EE,EE,ivar,dvar);
50 0y
go ot

79

EEECCC*
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| The infinitesimal invariance condition:
(> lddop20(P,EE,ivar,dvar);

0 Oy
f g of
| They are compatible:
> nsbra3(DD,EE,ivar,dvar);

80 Ou

el Ou

[ Here is the second Hamiltonian structure of the Boussinesq equation:
> hc(EE)(HO); %-P

1 8 u

= +—uu i

3 X X, X 3 Xu

[0, 0]

m?m

> hf0:=a->hamflow(a,HO,EE,ivar,dvar);
| hf0 := a® hamflow(a, HO, EE, ivar, dvar)
| The inverse of DD:
> DD_:=_a->[hm(_a[2]),hm(_a[1])];
DD_:=_a® [hm(_az), hm(_al)]

| The Lenard recursion operator coming from the bi-Hamiltonian structure of the Boussinesq eqt
[ > RR:=a->dop(EE)(DD_(a)):
| Get the symmetry characteristics using the recursion operator:
> QO0:=[0,0];
Q0:=[0, 0]

99



> HO:=1/2*v; QO;

> H1:=(bp@vh@DD )(Q1); Q1;

> Ql:=P;
Q1 =gv ,}u +§uu E
L e X'3 XXX 3 Xl
> Q2:=RR(Q1);
QZ::gz—Su u +£)uu +:—Lu +—uu +5vv
63 X X,x 3 X, X, X3 X, X, X, X, X
5 40 20 2 10 10 u
| EV“x,x,x+§V””x+§Vx“ +§qux,x+§,Vx,x,x,x,x+§uvx,x,x+5uxvx,xg
> _Q0:=QO0;
| _Q0:=[0,0]
> QL:=[u[x],V[X]];
I Q1= [ux, Vx]
>  Q2:=RR(_Q1);
_Q2::gv +4uv +4u v,4vv +1'u +4uu +8u u +3—2u2u E
8 X, X, X X X X 3 XXX XX X, X, X X XX 3 XU

| Characteristics and conserved densities for the first Hamiltonian structure (Olver pp. 460/461):
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> H2:=(bp@vh@DD )(Q2); Q2;
20 3 10 5 2531
H2:=—vu -—uu Vv -—-vu +-V +—-V
9 3 XX 6 X 6 3
25 10 1 20 2
é_u u +—uu +—Uu +—Uu u +5VV,
€3 X X,X 3 XXX 3 X%XXXX 3 X X
5 40 20 5 10 1 10

u
—vu +—vuu +—V U +—vVv u +-v +—uv +5u v
| 3 XxX 3 X 3 X 3 X XX 3 XXXXX 3 XXX XX, XU

| Check if Qiis the characteristic of Hi:
> hc(DD)(H0)-QO0; he(DD)(H1)-Q1; hc(DD)(H2)-Q2;
[0, 0]
[0,0]
L [0.0]
| Check if Hi is a conserved density:
> el(hfl(_HO0)); el(hfl(_H1)); el(hfl(_H2));
[0, 0]
[0,0]
L [0.0]
| Other characteristics and conserved densities for the first Hamiltonian structure (Olver pp. 460/
> HO:=u; _QO;
_HO:=u
[0,0]

> _H1:=(bp@vh@DD_)(_Q1); Q1;

L9



_Hl:=uv
I [u.v.]
> _H2:=(bp@vh@DD_)(_Q2); _Q2;
8 4 2 21 2
_H2:=—u +2uv™-2uu_ +—-u -~V
9 X 6 XX 2X
é 1
ev +4uv +4u v,4vv +—u +4uu
€ X, X, X X X X 37X X X, X X X, X, X

| Check if _Qi is the characteristic of _Hi:

> hc(DD)(_HO)-_QO; he(DD)(_H1)- Q1; hc(DD)(_H2)- Q2;
[0, 0]
[0, 0]

L [0, 0]

| Check if _Hiis a conserved density:

> el(hf1(_HO)); el(hfL(_H1)); el(hfl(_H2)):
[0, 0]
[0, 0]
[0, 0]

>
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equation, 54 criterion for, 55
structure, 53 Takens, 49
bi-, 57 order, 13
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