Linear differential elimination for analytic functions
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Abstract

This paper provides methods to decide whether a given analytic function of
several complex variables is a linear combination of finitely many given analytic
functions with coefficients of the following special form: Each one of these coeffi-
cients is a composition of an unknown analytic function of less arguments than the
function to be expressed, with fixed analytic functions. Methods which compute
suitable coefficient functions in the affirmative case are presented as well.

1 Introduction

The aim of this paper is to provide a method how to decide whether a given analytic func-
tion of n complex variables is linear combination of finitely many given analytic functions.
As coeflicients not only constants are allowed but each coefficient may be an arbitrary an-
alytic function of specified analytic complex valued functions, the number of which must
be less than n but may vary with the coefficient. In case it is such a linear combination,
methods to find suitable coefficient functions are given.

As a small example one might ask whether the function (sinx)? is a linear combination of
the form fi(z) - (cos(z+y))? + f2(y) - cos(2z +y) with analytic functions f;, fo of only one
variable, where x and y are the specified functions of two independent variables. Indeed,
one may choose fi(z) = 1 and fo(y) = — cos(y) in order to represent (sinxz)? in that way,
but how would one answer the question without knowing these coefficients?

Note, the case of unrestricted coefficient functions excluded here is the rather trivial case
of one linear equation over a field of meromorphic functions. The case of constants as co-
efficient functions can be treated by conventional methods of linear algebra, if one looks
at the equation together with its various derivatives to turn the given equation into a
system of linear equations. For the more subtle intermediate situation treated here, this
method does not work immediately, since forming derivatives also produces new unknown
functions, namely the derivatives of the original unknown functions.

To explain the method we recall from an introductory course in analysis a typical proof
of the identity exp(z + y) = exp(z) exp(y). We reformulate this by asking: Is exp(z + )
of the form f(y)exp(z)? Note first: The latter functions are characterized by the linear
differential equation u,(z,y) — u(x,y) = 0. Secondly, note that exp(x + y) satisfies this
equation and hence is of the form f(y)exp(z). Thirdly, to determine f(y), note that



f(y) = exp(x + y)/ exp(x) for any z, hence also for z = 0 and the claim follows. These
three steps will be appropriately generalized.

The problem of finding an implicit description for a vector space of functions as above, i. e.
of finding characterizing linear pde’s, is addressed in Section 2. In Section 3 we explain
how an explicit representation of a given function in that vector space can be computed
and alternatives to the methods of Section 2 are obtained as a byproduct. Finally, Sec-
tion 4 discusses characterizing pde’s of special forms and gives applications. For instance,
one sees how to decide whether a function given in some coordinates of n-space can be
written as a sum of functions depending on n—1 coordinates in a different (given) coordi-
nate system. Also the question whether a map of a Lie group into C™ can be augmented
to a matrix representation is discussed in a simple case, cf. Example 4.8.

Methodically apart from elementary linear algebra the formal theory of linear differential
equations following Janet is applied, cf. [Jan 29], [PIR 05]. Our applications of this the-
ory go in the opposite direction of [Cl1Q 08] in the sense that we start with functions and
arrive at linear pde’s, which we use for recognition.

Unlike usual texts on differential algebra, cf. e. g. [Kol 73|, we shall deal with composite
functions. In fact, we could not find any reference in differential algebra, where composi-
tion of functions is systematically treated.

In the context of computing conservation laws for pde’s, problems similar to ours came
up in [WBM 99]. When it is possible to give the general solution to a pde system in
closed form, it will in general depend in a redundant way on arbitrary constants and
arbitrary functions of certain of the independent variables. Ways of identifying this re-
dundancy are discussed in [WBM 99, Section 4.1]. Linear expressions as dealt with below,
in which, however, unknown functions depend on certain of the independent variables and
not on given functions, are treated there using different methods. A collection of power-
ful routines for solving such problems is the software package CRACK, developed under
REDUCE since the 1990s, cf. e. g. [Wol 04] for a short description.

The examples presented in the sequel were dealt with using an implementation of Janet’s
algorithm for linear pde’s (with non-constant coefficients) in Maple [BCG 03], relying on
efficient and more general techniques for computing involutive bases [BGY 01].

2 Implicitization of certain spaces of functions

Our general notation for this paper is as follows:

Definition 2.1. 1.) Let Q@ C C" be open and connected. We denote by K := M()
the field of meromorphic functions on 2 and by R the ring K(di,...,d,) of differential
operators, which is the skew polynomial ring over K in the partial derivatives 0; with
respect to coordinates z; of C™.

2.) gi1,...,9gr are non-zero analytic C-valued functions on 2 (not necessarily distinct).
The tuple of all g; is referred to as g.

3.) For each i, 1 < i < k, there is a v(i) < n with v(i) (functionally independent)
analytic functions o ; : @ — C, j =1,...,v(i), sometimes taken together as one analytic
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function a; : Q — C*@ : 2 — (@;1(2),...,05,:)(2)), such that the Jacobian has rank v(7)
throughout §2. The k-tuple of the «; is referred to as a.

4.) The analytic function u : 2 — C is called (linearly) (c, g)-representable, if there exist
functions f; : a;(2) — C such that f; o «; is analytic for i = 1,...,k and

(1) u(z) = filea(2))g1(2) + -+ + fulaw(2))gr(2)
for all z € Q.
The f; are necessarily analytic:

Lemma 2.2. Let F; : Q) — C be analytic forv=1,...,k and factor over o;. Then each
function f; : a;(Q2) — C with Fi(z) = fi(a;(2)) is uniquely determined and analytic.

Proof. Uniqueness of the f; is obvious. Note, a;(€2) is open in C*™. To prove analyticity
of f;, let po € Q. For each i, choose n — /(i) independent variables ; , )11, - -, (i, from
21, ..., Zz, complementing a; to an analytic diffeomorphism &; := (v, B v(i)41, - - - Bin) Of
some open neighborhood Uy of py in 2 onto x;(Uy). We denote some analytic right inverse
of the projection 7; : k;(Uy) — «;(Up) by ¢;. Then the restriction of f; to o;(Up) C ()
is given by Fj o k; ' o1, and hence is analytic. By uniqueness, f; is analytic on €. O]

Unfortunately, the («, g)-representability of f is a rather strong requirement. It is
easier to test representability on dense open subsets of € first.

Definition 2.3. u is («, g)-representable around py € €, if there is an open neighborhood
Q¥ C Q of pg such that uyo is (ajqr, gjor)-representable. It is essentially (o, g)-representable
on €, if the set of points p € {2 around which it is representable, is dense (and open) in

Q.

Note, for an essentially («, g)-representable function u there are two kinds of obstruc-
tions to («, g)-representability in general: the function u may not be representable globally
on (2, but only in an open neighborhood of each point of §2; secondly, there may exist
points in  around which u is not representable no matter how small the neighborhood
is chosen. Therefore, one might think of essential («, g)-representability as both a local
and a generic property.

For the example n = 2, k = 1, ay(z,y) = ay1(z,y) = 2%, g1 = 1, the function z is
essentially («, g)-representable on C* — {(0,0)}, but not globally. One may say, around
a generic point of C?, the function z is (a, g)-representable, but non-trivial monodromy
prevents extension to all of C2. We shall concentrate on essential representability.

Remark 2.4. The technique used in the proof of Lemma 2.2 can be applied as well to
characterize essential representability of an analytic function u in terms of linear pde’s
for u. Around any point of €2, o; can be complemented by n — v(7) independent variables
Biw(@i)+1s - - -5 Bim from 21, ..., 2, to an analytic diffeomorphism 3 = (o, Biv@)+1 - - - Bim)-
If w is essentially (ay, g;)-representable, then in the new coordinates u/g; is independent
of the last n — v(i) coordinates leading to n — v(i) first order linear pde’s for u with
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coefficients in K after passing back to the original coordinates. (Recall that K is the field
of meromorphic functions on 2 so that division by g; # 0 is always well-defined.) The
converse is also clear. Note, since we deal with essential representability, the subsets of
smaller dimension where leading coefficients vanish and hence Riquier’s existence theorem
cannot be applied, may be neglected.

In what follows, for ¢ = 1 , k, we denote by I(q, g;) the left ideal of R = K (0, ...,0,)
generated by > B,s0, 0 g( ) for 1 < s <n—v(i), where the columns of B € K™*(n=v(0)
form a basis for the nullspace of the Jacobian matrix

(3041-,]» )
0z, 1<j<p(i), 1<r<n

We arrive at the following necessary and sufficient criterion for essential representability
of an analytic function u as f;(«;(2))g:(z) with fixed i.

Lemma 2.5. For each i = 1, ..., k, the analytic function u : 2 — C is essentially
(cvi, g;)-representable if and only if u is annihilated by I(cy, g;).

Proof. Applying the directional derivatives ) B,;0, for s = 1,...,n — v(i), where B is
defined as above, to u/g; and using the chain rule, we get first order linear pde’s for u,
which characterize essential (v, g;)-representability. The left ideal I(cy;,g;) is generated
by these n — (i) linear pde’s. Note, these pde’s are globally defined on an open dense
subset of €2. O

As a consequence we obtain the first main result. We denote by I(«, g) the intersection
of the left ideals I(«a;, g;), i =1,..., k.

Theorem 2.6. The analytic function u : Q — C is essentially («, g)-representable if and
only if u is annihilated by I(a, g).

Proof. By the duality between systems of linear pde’s and their solution spaces, sums
and intersections of left ideals of linear pde’s correspond respectively to intersections and
sums of the solution spaces. [

For later use we introduce the notation Is(a, g) := (;cq I (v, g;) forany S C {1,... k}.

Unfortunately, computing these intersections of left ideals is not as fast as one might
wish from a computational point of view. We therefore develop an algorithm to find
defining equations. The key to this method is a matrix version of the original equation
(t) and its various derivatives. For instance, (1) can be rewritten as

(fo) u(z) = Ao(a, 9) - (fi(n(2)); -, filaw(2)))"

with
Aolag) = (g1(2), - gul2)) € KV,



In order to get a formal procedure for the various partial derivatives of (}¢), we denote
the jet variables for w and its partial derivatives by w, with multi-indices p € (Z>o)",
i. e. ug for u, ug,. o) for the partial derivative d;u of u w.r.t. its first argument, and so

on. We form their sequence (uo, ux ,....0) %(0,1,0,...,0)s - - - » %(0,...,0,d)) in some ordering up to
order |u| := py + -+ -+ pn, = d, so that the sequence for order 7 is an extension of that for
order i — 1,7 =1,...,d, and denote the corresponding column vector by j;(u).

On the side of the f; o a; denote the jet variables by f;, with u € (Z>0)"®@. So fio
stands for f; o a; and f; (1,0, 0) for (01 f;) o ay, etc.. The definition of ji(cv, f) is now clear
starting with jo(o, f) = (fi0,--., fro)", then complementing by the jets of order d to
obtain ji(«, f) from j;—1(c, f). So one obtains from (fo) by taking all partial derivatives
up to order d the equation

(ta) ja(u) = Aa(e, 9) - jala, f).
The formal procedure to define Ag(a, g) € K> with

() = (n;rd)’ o(d) :z’“:(yu)dw)

=1

for general d € N recursively, is an obvious consequence of the product and the chain rule.
Note, the order of the jets subdivides the matrix into blocks Ag’])(a, g) with 0 <14,j <d,
where i and j refer to the order of the derivatives of u and f respectively. Each (i, j)-

block Ag’j )(a, g) with j > i is zero, and the recursion shows that an arbitrary Ag’j )(04, 9)

is computable from Ag_l’j)(a, g) and Ag_l’j_l)(oz, g) similarly to the Pascal triangle. Cf.
Examples 2.11 or 3.4 for concrete examples.

Remark 2.7. For any R-submodule M of R denote by M, the K-subspace of all elements
of order < d in the natural filtration. One has

¢(d) — rank(Aq4(a, g)) = dim I («, g)<q.
Proof. Clearly,
{z € KD | 2. Ay(a, g) =0} = I, g)<a : 2+ 2 - jalu)
is an isomorphism of K-vector spaces. O

Of course, it would be desirable to have access to the column rank of A4(a, g) in terms
of a, g, so that the previous remark could be used to decide whether one has generators
for I(a,g). Note, any («, g)-representation of the zero function gives rise to a linear
dependency of the columns of Ay(a, g).

Lemma 2.8. Let Jx be a Janet basis (with respect to a term over position ordering re-
specting the differential order) for the submodule of the free left R-module R* := @le Ru;
generated by @le I(cv,9;) and uy + ...+ ug. Then one has:

rank(Aq(a, g)) < o(d) — 7(d),
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where T(d) is the sum of the first d + 1 Taylor coefficients of the Hilbert series Hy(t) of
Ji, i. e. the Taylor coefficient of t% in Hy(t)/(1 —t).

Proof. Clearly the set of solutions of Jg is equal to

5(049) = {(91‘f10041,---79k'fk004k) ’ fi analytngl'f10041+...+gk‘fk004k:0}

in a suitable neighborhood of an arbitrary point in a dense subset of €2, and one has a
linear map

Jag: S(a,g) — {s€ K@D | Ayla,g)-s=0}:
(ula---;uk) = jd((ul/gla"'auk/gk))>

whose image obviously has (generically) dimension 7(d). Since Ag4(e, g) has o(d) columns,
the claim follows. O

Note, Jg is relatively cheap to compute, in comparison to the computation of a Janet
basis for ﬂle I(a, gi), which involves elimination. Of course, one would really prefer
to have equality in the last remark. But unfortunately there are examples, where one
has a proper inequality. The next lemma can often be used as a stopping criterion
when computing a Janet basis of a characterizing pde system for the (¢, g)-representable
functions.

Lemma 2.9. Let J; denote the Janet basis of the left ideal generated by I(a, g)<q (cor-
responding to the linear dependencies of the rows of Ay(a, g)) and J the Janet basis for
I(a, g). If the Hilbert series of Jq is denoted by Hy(t), then one has:

1.) If the coefficient hq; of t7 in Hy(t)/(1 —t) satisfies

haj > o(j) —7(j)

for one j > d, then Jy # J.
2.) If
haj = 0o(j) —7(j)

forall j > d, then J;=J.

Proof. Note that hg; > hgy1 > -+ > hayij = hj for sufficiently big ¢ and all j, where h;
is the coefficient of ¢/ in H(t)/(1—t) with H(t) the Hilbert series of J. In other words, we
have h; = dim R<;/I(a, g)<; = ((j) — dim I (v, g)<; = rank(A; (e, g)). Now both claims
follow from the last remark. O

Unfortunately, 2.) in Lemma 2.9 is not always applicable, since the inequation in
Lemma 2.8 might be strict. (g,a) = ((1,1),01 = (x + y,x + 2), a0 = (22 + y,2))
gives a counterexample, whereas for the simpler system with (g, @) given by ((1,1), oy :=
(x 4y, + 2),ay := (z* +y)) it becomes applicable. Now we present an algorithm which
computes a Janet basis for (/(«a, g)<4). Whether or not it is already a Janet basis for
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I(a, g) one has to check: If Lemma 2.9 1.) is violated, one has moral certainty that one is
done, otherwise one has to increase d. If 1.) is violated without 2.) being applicable, one
has to take a closer look, for instance by the methods of the next section.

In the following algorithm it is important to have a book-keeping device for the rows
of the relevant matrices, e. g. at the beginning for A4(«, g), where the rows are in corre-
spondence with the jet variables for u. If linear combinations of rows are taken or rows are
omitted, the same is done for the corresponding jet variables resp. for the names build up
from the jet variables via the linear combinations. We simply refer to this sort of parallel
computing in the following algorithm as named computing. Another piece of notation
needed in the algorithm is this: At various stages we have Janet bases J for ideals of
R = K(0y,...,0,) contained in I(a,g). The matrix obtained from Ay(c, g) by taking
only those rows corresponding to parametric derivatives of u, i. e. those partial derivatives
of u which are not leading derivatives of linear consequences of J, will be called A4 s (v, g)

with blocks Ag,’j)(a, g) according to the differential orders as before.

Algorithm 2.10. (pde’s for essential («, g)-representability)

Input: (@, g) and order d € N.

Output: Janet basis of (I(«, g)<a)-

Algorithm: Step 1: Set i := 1, J := {0} as initial Janet basis.

Step (i,J): Compute a basis for the linear dependencies between the rows of A%)(a, 9)
and take via named computing the corresponding linear combinations of the rows of the
submatrix (Agi}o)(a,g), e Al(.i’,i*l)(a,g)) of A; j(a, g), i. e. the truncated last block row
of A; j(a, g). Apply the GauB algorithm to the matrix A, ;(«, g) enlarged by the named
rows just computed. Collect all names of resulting zero rows and update J by the Janet
basis for the ideal of R generated by J and these names. If i = d, then output J, else
proceed to Step (i + 1, J) with the updated J.

The following example demonstrates the criterion of Lemma 2.9 and the algorithm in
a very simple case.

Example 2.11. Let u(z,y) = fi(z+y?)+ fo(x+y), so we deal with analytic functions that
are defined on an open and connected subset of C", where n = 2, and which are locally
(around a generic point) expressible as linear combinations of k£ = 2 analytic functions of
v(1) = v(2) = 1 argument composed with a;; = @ + y* and as; = = + y respectively.
The coefficients in these linear combinations are assumed to be g, = g = 1.

Hence, the number of rows of Ay(«, g) is the sum of the first d + 1 Taylor coefficients of
the generating function 1/(1—¢)", which equals the d-th Taylor coefficient of 1/(1 —#)* =
1+ 3t + 662 + 106 + 15t + . . ..

This we have to compare to estimates of the column ranks of the matrices Ay(a, g).
To this end one has to check uniqueness of representations via the differential system
{2yua,0) — u(0,1), V(1,00 — YV©,1), u + v}, where the first two equations characterize the
first and the second summand respectively. Its solution space is of dimension 1 and
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contains only constants. The number of columns of Ay(«, g) is the sum of the first d 4 1
Taylor coefficients of 2/(1—t). So the column ranks of the matrices Ay(c, g) are bounded
above by the Taylor coefficients of the generating function (2/(1 —¢) — 1)/(1 —t) =
143t + 5% + 7t> +9t* 4 ...

So we expect the first linear dependency of the rows of Ay(a, g) for d = 2:

110 0l 0 0
0 0|2y 1] 0 0
00/1 1] 0 0

Rl g) = | 019 022 1
000 02y 1
00l0 0 1 1

The rows are indexed by u, w1y, %a1,0), %0,2), U(1,1), U2,0) Tesulting into the differential
relation

(1) (¥ — 3)uo2) + (=207 + 3)uay + (20° — Y0 — uo,1) + uo = 0.

This is the Janet basis J of (I(«a, g)<2), and the number of partial derivatives of u of
fixed order that are not leading derivatives of linear consequences of (1) is given by the
Hilbert series 1+ 2t + 2t%/(1 —t). Dividing this by 1 —t gives by definition the generating
function for the number of rows of Ay s(a, g), i. e. 1+ 3t + 5¢% + 7t3 + 9t* + .. .. Since
this agrees with the estimates for the column ranks above, we are done by the criterion
in Lemma 2.9: J is the Janet basis for the ideal I(a, g).

By substituting e. g. 4* for u in (1) we can now easily decide whether the function y?
is essentially (a, g)-representable: the result is —1 # 0, which answers the question in the
negative. However, y?—y+1 can be shown by the same method to be (a, g)-representable.

3 Computing a representation

In this section we shall outline some methods to find actual representations for repre-
sentable functions. At the same time it will produce yet another method to compute
generators for I(a, g). We start again from the equation (fo). Let 'y € K**! be a right
inverse of Ag(a, g), i. e. Ag(a,g)-Tp =1, and assume X, ..., X;_; € K**! form a basis
of the kernel of the linear map induced by Ag(«, g). Then equation (fo) is equivalent to
the existence of meromorphic functions a;(z), ..., ax_1(2) on £ such that

(2) Jola, f) =u(z)To + a1(2) Xy + - - - + ag—1(2) Xj_1,

and the above equation is recovered from this by left multiplication of equation (2) by
Ap(a, g). Now Lemma 2.5, more precisely the special case g = 1 of its proof, can be
applied to each component of the right hand side of (2) to obtain linear pde’s for the a;(z),
which are locally necessary and sufficient for the solvability of (). Denote the resulting
linear pde system for the u(z), ai(2), ..., ax_1(2) by N(x).
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Remark 3.1. Differential elimination (using a block ordering on the dependent variables)
of the a;(z) in N(x) is a new way to compute a Janet basis for I(«, g).

Example 3.2. Let

w(z) = zfi(z1+ 29,20+ 23) +21fo (220 + 23,24 + 21) +
2o f3 (23 + 24,21 + 22) + 23f4 (24 + 21, 20 + 23)

i.e. g1 = 2z and oy = (21 + 22, 20 + 23), etc.. We have three possibilities to proceed for
finding a characterizing pde system:

1.) via Ay(a, g), cf. Algorithm 2.10;

2.) via intersections (with improvements), cf. Theorem 2.6;

3.) via differential elimination, cf. Remark 3.1.

Clearly the answer is the same in all three cases: The leading derivatives of the Janet
basis elements are

(2,0,0,0)» %(1,1,0,2), U(1,1,1,1), U(1,2,0,1)5 U(1,1,2,0)5 %(1,2,1,0)>

U(1,0,2,2)» %(0,2,1,2), U(0,2,2,1)> U(0,3,1,1)-

Note, the Janet basis has no elements of order 3, though one of order 2, five of order 4
and four of order 5.

Method 1.), being the fastest of the three methods, if no special tricks to speed up the
computation were applied, needed about 50 minutes in Maple on a 2300 MHz Opteron
machine. However, the stopping criterion Lemma 2.9 2.) was not applicable to prove that
(I(cr,g9)<5) = I(a, g). So one gets an answer in a straightforward way, but does not have
a proof.

Method 2.) applied in a naive way via I19y, {1,233, I{1,2343 did not finish within 500
minutes (where Ip; 9y stands for Iy 23(cv, g), etc.). However, one gets an answer via If o3,
Itosy, Itsays Tposy = Iy N lpasys Losay = oy N Igsay, 1(a, g) = Iy NI 3.4y in 40
minutes. Here, of course, we had a proven result in the end.

Method 3.) also turns out to be not feasible if one tries to eliminate ay, as, as in one go.
However, eliminating a; first, and then as was quite quick, but the final a3 was rather
difficult: We had to use the linear differential analogon of degree steering as developed for
the algebraic case in [PIR 08]. With these additional tricks, the complete computation
time was below 30 minutes, and again there was a proven result in the end.

Modified example. If one replaces in the above version of u(z) the first summand by the
term zyf1 (21 + 29, 23 + z4) to make the situation more symmetric, one gets as leading
derivatives of the Janet basis elements

%(2,0,0,0)> ¥(1,1,1,0)5 %(1,2,0,0)s %(1,0,3,0)s %(0,2,2,0)-

Not only the complexity of the Janet basis decreases considerably. The timings for method
1.) were 45 seconds, where again Lemma 2.9 2.) was not applicable to prove completeness,
for method 2.) with the improved order of taking intersections 54 seconds and method 3.)
without applying degree steering 67 seconds.
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The main aim of the present section is to determine the coefficient functions f; by
starting from a specific u(z), which we typically assume to be («, g)-representable. Here
(2) becomes a linear pde system for the a;(z) only. Whereas the procedure from the
beginning of this section first solves for the a;(2), then via equation (2) for the f;oa«;, and
then finally for the f;, we outline a procedure now, which, for given u(z), gives the f; right
away, or at least some easy to solve linear differential equations for each f; individually in
some order. It suffices to explain how to find f;. To this end let u(z) be explicitly given.

Remark 3.3. Let J; be a Janet basis for Ip3 . .1 (a,g), whose elements are written as
differential equations for v = v(z) (rather than u to avoid confusion with the concrete u).
1.) Inserting both sides of (f) into the elements of J; yields a system of inhomogeneous
linear differential equations for f; oy only. This system can also be obtained by inserting
g1(2) fr(an(z)) — u(z) for v(z) in J;.

2.) The resulting system has the property that its equations are (by application of the
chain rule) automatically written as linear combinations of compositions of partial deriva-
tives of fi; with a; and have functions in z as coefficients. The inhomogeneous part is
obtained by inserting the concrete u(z) for v(z) into the equations of .J;.

3.) Write 5 := a; and m := v(1) for the number of its components. Since the components
0; of B are functionally independent one can around each point of a sufficiently big subset
of €2 extend the [3; by certain of the original coordinates z; to a new local coordinate

system. Say the restrictions of 31, ..., B, Zms1, -- -, 2, form such a local coordinate sys-
tem. Invert the function tuple, i. e. write z; = vi(51, - . ., By Zma1, - -+, 2n) fori =1,... n.
Insert these expressions for zq, ..., z, into any of the coefficient functions and the right

hand side of the equations of 2.).

4.) As a result of 3.) one has now linear inhomogeneous differential equations for f; valid
for any parameters z,,.1, ..., 2, ranging in a certain open subset of C"~". In particular,
one can take derivatives with respect to these parameters, one can specialize them, etc.,
to obtain more equations.

5.) The equations obtained in 4.) can be used to eliminate (preferably higher) derivatives
of f1 until one arrives at a contradiction (showing that u(z) is not essentially representable)
or to arrive at a rather easy to solve pde system for f;.

In practice, point 3.) of the above remark might sometimes cause difficulties, since it
involves solving nonlinear equations in principle. But usually one still has some helpful
flexibility via the choices of the coordinates that have to be performed. It is also clear that
at the end of the remark one has obtained a new system of the form (1) with a modified
u, so that Remark 3.3 actually constitutes an algorithm for finding coefficient functions
fi- We demonstrate the method of Remark 3.3 by the following rather easy example.

Example 3.4. Consider u(z,y) := zfi(y+z%)+y fo(x+y?) and try to express u := x3—y3.

In this case I(«, g) is easily determined to have a Janet basis of two equations of order 3,
which are satisfied by u. So u is expressible in this form, but we want to determine the
coefficient functions fi, fo. We keep the terminology of Remark 3.3. The Janet basis J;
consists of v(1,0)y* — 3Vo,1)Y + V.

10



1. and 2.) Inserting v = zf)(y + 2?) — u into J; yields
(zyz = 20°2%) fi(y + 2°) — (v* + 32) fuly + 2°) + 32° + ° + 3y°2* = 0.

3.) Introduce new coordinates T := z,% := y + %, so that the left hand side of this
equation is rewritten as

@F-7)7 -2 -7°)°2) fim) — (T -7°)" + 32) 1 (@) + 37° + F - 7°)* + 3(7 — 7°)°7%.
4. and 5.) This equation holds for all 7, in particular for T = 0, so that the equation
72 —y*f1(y) = 0 remains. We obtain f;(y) = 7.

Note, to obtain f, in this case of only two summands, one simply has to insert fi(y + z?)
into the original equation u = x(y + 2%) + yfo(x + y?) and solve for fo(z + y?), which
results in fo(z + y?) = —(z + y?).

In this particular example, there is an alternative way, which has not been discussed
above. The matrix

xr yl| 0 0 0 0

0 1| =z 2y°| 0 0

| 1 0222 y 0 0

Rl )= 50T 0 651 = 44
0 0] 1 1 | 22% 242

0 0|6z 0 [42° vy

connecting jo(u) with ja(cv, f) is invertible, thus opening another possibility to express
the f; in terms of the concrete u and its partial derivatives. The general context, where
this possibility of inverting Ay(«, g) is applicable, is when one has equality in Lemma 2.9
2.) and the kernel is trivial, i. e. Ji is empty, 7(d) = 0, and the coefficient functions are
uniquely determined.

Remark 3.5. In the above discussion we assumed that the function u(z) to be represented
is concretely given. One can also lead the discussion in the case where it is not made
explicit and obtains formulas for the f;. These formulas are correct, when a representable
u(z) is chosen and incorrect, when a non-representable u(z) is chosen. In principle, this
can also be used as a criterion: If the formula leads to a wrong identity, u(z) is not
(c, g)-representable.

4 Examples and applications

The first question one might ask, is when are the (a, g)-representable functions charac-
terized by the same pde system as the (&, §)-representable functions for some other pair
(@, g). Certainly a permutation of the summands has no effect. Also one summand might
already be annihilated by the ideal for the sum of the others so that the omission of
the corresponding (o, g;) has no effect on the ideal. The following very simple example
demonstrates the more serious effect which occurs when say ¢g; = ¢; and «; and @; at
least locally factor over each other.

11



Example 4.1. Consider u(z,y,2) = zf(2? + y,y? + x) on the one hand and u(z,y, 2) =
zf(x,y) on the other hand. Both give rise to the same characterizing ideal generated by
ZU(Q,OJ) — Uu.

An obvious question is, when the characterizing linear pde system has constant coef-
ficients. We start the discussion with a very easy example demonstrating already quite a
few relevant points.

Example 4.2. Consider u(z,y) = fi(r) + f2(r + y) exp(z — y). Analytic functions of
the form f(x) are characterized as analytic solutions of w1y = 0. The second summand
has the characterizing pde u1,0) — w,1) — 2u = 0. Since both differential equations have
constant coefficients, the corresponding differential operators D, Dy commute, and the
intersection of the principal ideals I(aq, g1) and I(ag, g2) equals their product, which is
generated by the product D;D;. The two lines in the plane y = 0 and x —y —2 =0
intersect in the point (2,0) corresponding to the fact that one does not have unique
(o, g)-representations: 0 = exp(2z) — exp(x + y) exp(z — y).

Proposition 4.3. Let the system («, g) satisfy the following two conditions:

1.) The g; are constant or exponential functions whose arguments are polynomials of
degree one.

2.) The o ; are polynomials of degree one.

Then I(a, g) can be generated by differential operators with constant coefficients.

Proof. Suppose all g; are constant and 2.) is satisfied. Then the matrices Ay(cv, g) have
only constant entries, and the linear dependencies of their rows generating I(«, g) can
also be chosen to be written over C. If for instance g; is an exponential function whose
argument is a polynomial of degree one, the columns of Ay(«, g) corresponding to deriva-
tives of f; will be constant vectors multiplied by this exponential function. Clearly these
exponential factors in the matrix Ay(«, g) have no influence on the linear relations among
the rows. O

In view of the discussion preceding Example 4.1 one cannot conclude from the constant
coefficients in the generating set for I(a, g) that the «;; are necessarily polynomials of
degree one. Which ideals in C[0y,...,d,] generate characterizing ideals I(«, g) for some
system («, g)? The answer is rather simple.

Proposition 4.4. Let I < C[0y,...,0,]. There exists a system (a, g) such that (I)gr =
I(a, g) if and only if I is a radical ideal such that each of its primary components is
generated by polynomials of degree one.

Proof. Assume I < C[0y,...,0,] is a radical ideal such that each of its primary compo-
nents is generated by polynomials of degree one. By Theorem 2.6 we may assume that
I is already prime. If the generators are linear polynomials ps(0y,...,0,), s = 1,...,m,
i. e. polynomials of degree one without constant term, choose a basis (31, . .., B,_m) of the
space of linear homogeneous polynomials in Clzy, . . ., z,,| annihilated by all ps(d1, ..., d,).
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We can choose g1 := 1 and in case m < n, aj := (01, ..., fn_m), Whereas in case m = n one
has to choose (1) := 0 and there is no «;. If at least one of the generators pg(ds, ..., 0n)
has a constant term, one omits the constant terms to choose a; as just described. In this
case g; can be chosen to be exp(ajz; + -+ + anz,) with a = (a4,...,a,) € C" satisfying
ps(a) =0for s=1,...,m.

The converse follows from Proposition 4.3, Lemma 2.5, and Theorem 2.6. m

When can polynomial coefficients arise in generators of the characterizing ideal?

Proposition 4.5. Let the system (a, g) satisfy the following two conditions:

1.) The g; are rational function multiples of exponential functions with rational function
arguments.

2.) The o ; are rational functions.

Then I(«, g) can be generated by differential operators with polynomial coefficients.

Proof. The proof is similar to the one of Proposition 4.3: Under the hypothesis given,
the entries of a given column of Ay(a, g) are rational functions multiplied with the ex-
ponential function of a fixed rational function. For the linear dependencies of the rows
the exponential factors are irrelevant: They can be chosen to have rational function co-
efficients or even polynomial function coefficients after multiplication with the common
denominator. O

If the g; are all equal to 1 and the «;; are polynomials of degree one, then the Janet
basis of the left ideal I(«, g) consists of homogeneous elements. The following case is
particularly simple: u(x,y,2) = fi(y,z) + fao(x,2) + f3(z,y) which has characterizing
equation u1,1,1) = 0. So for instance, if one has to analyze a function of three variables,
one can check whether it satisfies this equation to see whether the problem splits into
three cases of functions of two variables. Or one has some pde system for a function of
three variables and one is interested in solutions of the above form. Then one can add
u(1,1,1) = 0 to the system. Thomas’ algorithm [Tho 37], which decomposes polynomial
differential systems into so-called simple systems, lends itself as an adapted method for the
treatment and simplification of these systems. Clearly there are variants of this splitting
strategy. We would like to discuss one variant, where instead of z,y,z one has other
coordinates of 3-space and wants to check whether a function given in x,y, 2 coordinates
can be rewritten as a sum of three functions in two of the other coordinates. The next
two examples are of this type, the first coming from spherical coordinates, the second
from symmetric functions.

Example 4.6. The spherical coordinates r,6,¢ defined by = = rcos(f)cos(p), y =
rcos(0) sin(y), z = rsin(f) give rise to three commuting differential operators

a,r, = 1 (33(936 + yay _'_ Zaz),
/1.2 +y2 +22
1 SR
09 = — (—.Izax — yzay) + .I2 + 92627
V4 y?

0, = —yOp + x0,.
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The product of these three operators is a bit too lengthy to be reproduced here, but it
allows a check whether a function in z,y, 2 can be written as a sum of functions each
one depending only on two of r, 6, ¢. Furthermore, the earlier discussion of characterizing
systems with constant coefficients can be adjusted to some extent to constant coefficients
in monomials in these three operators. Of course, the resulting coefficients in the 0,, 9, 0,
are far from being constant.

The following example is taken from the context of invariants of finite groups. Since
suitably chosen invariants can be viewed as coordinates of the orbit space, it can be
understood as a variant of the above discussion.

Example 4.7. Let e; == x +y + 2, e3 := yz + vz + xy, e3 := zyz be the elementary
symmetric functions in z,y, z. Consider u(x,y, z) = fi(ea, e3) + fa(es, e1) + f3(eq, e2), 1. e.
in our earlier notation g; = g = g3 = 1,1 = (eg,e3) with cyclic permutation of the
indices. The characterizing pde system for the functions u of the above form is given by a
lengthy homogeneous differential equation of order 3. The associated differential operator
D (suitably scaled) can be factored into three commuting operators of order 1:

0, = %(JcQ(y — 2)0, + ¥y (2 — 2)0, + 2*(x — y)d.),
Oy = —%(x(y —2)0; +y(z — x)0, + 2(x — y)0.),
0 = (Y= 20+ (: = )0, + (e — )0,

with 0 := (x — y)(z — 2)(y — z) the Vandermonde polynomial, i. e. the skew-symmetric
polynomial of lowest degree in x, y, z. One easily checks 0;(e;) = ¢, ; so that 0; corresponds
to the summand f;. As a byproduct one has D(ejeses) = 1. For instance, 42 is also
symmetric of degree 6 and one might ask whether it is («, g)-representable. In fact, it is
not, because D(6%) = 18. Hence % — 18e;ez€e3 is (a, g)-representable.

One interesting property of D is the following:

D(eStes?es?) = sysps5eit tes2 ess Tt

so that D defines a filtration on the space of symmetric polynomials in x, y, z of which
the (a, g)-representable ones form the bottom piece, those symmetric polynomials p for
which D(p) is (o, g)-representable form the second piece etc.. So by checking which
power of D annihilates a symmetric polynomial p, one can determine the highest power
of ejege3 dividing the monomials in the e; occurring in the expansion of p. In other words,
the operator D has the same effect on the ring of symmetric polynomials as 0,0,0, on
Rz, y, 2].

The next example is taken from representation theory of Lie groups. Given a map of
a Lie group v : G — C™*! is there a representation p : G — GL(n, C) such that v(g) is
the first column of p(g) for all ¢ € G? The example deals with the first row instead and
takes G := (R, +) as a rather modest example of a Lie group.

14



Example 4.8. Is there a representation p : R — GL(3,C) of the Lie group (R, +) such
that the first row of p(z) is given by vy(z) := (1(x), y2(x), v3(z)) with explicit specification
below?

Since p(0) is the unit matrix, we should have «(0) = (1,0,0). Secondly, we should have

pri(z+y) = (p(x) p(y))11

Y1z +y) =n@) ny) +12@) p21(y) + 73(x) p3,1(y)-
In other words, we require the (a, g)-representability of the function v, (z+vy) —71 () 1 (y)
with g := (72(2),73(2)) and a = (o1, a2) == (y, ).
1.) Choose vy(z) := (1 + z, 2%, 2%) as prescribed first row.
In this case the left ideal I(c, g) is generated by the left hand side of 2% u(2,0) — 42 u(1,0) +
6u=0,but n(z+y) —7n(x)nly) =1+z+y)— (1+x)(1+y) does not satisfy this
pde, and hence v does not occur as a first row of a representation.
2.) Choose () := (1 + 2x,—x, —z) as prescribed first row.
In this case I(«, g) is generated by the left hand side of xux ¢y —« = 0. This time the
function v (z+y) — 71 (2) 11 (y) = (14+22x4+2y) — (14 2x) (1+2y) satisfies the equation.
However, the (o, g)-representation is not unique:

par(a) = @ +a® +&(x), pa(r) =3z —a® —&(x),

where £(z) is arbitrary with £(0) = 0. The same method also yields the second and
third column of p(z), again with an arbitrary function coming in in each case. To discuss
all possibilities certainly requires other methods as well, because the conditions for the
remaining functions are nonlinear. But if one chooses £(z) identically zero, the remaining
entries are uniquely determined by standard commutative algebra techniques. The result
is

14+2x —x —x
px)=| xz+2* 1-1z? —142?
3x — 12 —2£C—|—%$2 1—2:5—1—%332
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